
Special relativity 
Postulates: the speed of  light is constant for all reference frames and all frames 

of  reference must produce equivalent physics results. 

Reference frames: a reference frame (bar) moves with speed  in the positive x 
direction. In a  vs  plot, velocity is represented by the slope, so 

. The line of   must be constant in all reference frames. 
"Squeezing" the axes towards  is the only possible transformation: we need to 
use hyperbolic trigonometry to decompose: 

 

Hyperbolic identities: ,   and . 

Lorentz transformation (matrix form, showing only the affected coordinates): 

 

Dilation of  time: differentiating the Lorentz transformation and if  , we get . 

Contraction of  length: stick with ends , measured at  in the laboratory frame. 
Then, . 

Momentum: Let  be the time in the own frame of  reference. We redefine physical quantities by using 
 ( , the speed of  the object, also becomes , the speed of  the moving frame). Momentum becomes 

. Without this modification, momentum is not conserved. 

Work-Kinetic energy theorem: ; . Integrating 

by parts, ; reordering, 

v
ct x

tanh α := β := v /c c
c

x̄ = x cosh α − ct sinh α
c t̄ = ct cosh α − x sinh α
ȳ = y
z̄ = z

cosh2 α − sin2 α = 1 tanh α = β ⟹ sinh α =
β

1 − β2
cosh α =

1
1 − β2

[c t̄
x̄ ] = [ cosh α −sinh α

−sinh α cosh α ] [ct
x ] = [ γ −β γ

−β γ γ ] [ct
x ]

d x = 0 d t̄ = γdt

x0 = x0 = 0, x = L0 t = 0
L0 = x γ ⟹ x = L0 /γ

τ
t → τ u v

⃗p = m
d x⃗
dτ

= m
d x⃗
dt

dτ
dt

= γ m ⃗u

W = K − K0 W = ∫
d ⃗p
dt

⋅ d ⃗ℓ = ∫
d
dt

(γ m ⃗u ) ⋅ ⃗u dt = m∫ u d(γ u)

W = γ mu2 − m∫
u du

1 − u2 /c2
= γ mu2 + m c2 1 − u2 /c2 − m c2
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. For small values of  , an expansion of   yields 

, that is, the classical expression. 

Energy-momentum relation: the total energy  is .  

. With that, we find , and . The 

energy-momentum relation is then . Even if  we started with the momentum of  a 
massive particle, when we put , , which can also be found with classical 
electromagnetism. 

Lagrangian: we know that . Inserting the momentum, we get . We can add 

a velocity independent potential and the relation will remain the same. 

Foundations 
Definition of  a vector: difference of  two points. 

Then, tangent vector becomes the derivative of  a point 
when the difference is infinitesimal. , where 

 is a parametrized line (composed of  points). 

"4D position" (event) with coordinate description: 
 (event  respect to 

the origin ).  are the vectors of  an orthonormal 
basis for the manifold. 

4-velocity of  the particle in coordinate description: . 

A metric tensor is a machine with two slots for inserting vectors, and gives a real number such that 
, the scalar product of  both vectors. It is linear. The metric 

coefficients are defined via the basis vectors, such that . 

A one-form (a.k.a. Pfaffian forms) can be imagined as a vector that 
pierces surfaces. The number of  surfaces  pierced can be denoted as 

. The surfaces are pierced in a specific direction. 
This corresponds to the gradient. This is why basis one-forms are 
denoted by , that is, the vector  pierces one surface of  the 
basis one-form . 

Components: since the bases are orthonormal (dual), the components of  
an arbitrary one-form  can be calculated as , and the same 
for a vector. The directional derivative operator is  (by the chain rule). 

⟹ K = γ m c2 − m c2 u γ

K = m c2 [1 +
1
2

u2

c2
+ ⋯] − m c2 =

mu2

2

E = K + m c2 E = γ m c2 p2 = (m c)2 /(1 − u2 /c2)

⟹ u2 /c2 = p2 /(m2c2 + p2) γ =
m2c2 + p2

m2c2
E = m c2 1 +

p2

m2c2

E2 = p2c2 + m2c4

m = 0 E = pc ⟹ p = E /c

pi =
∂L
∂ui

L = − m c2 1 − β2

v =
d𝒫
d λ

𝒫(λ)

𝒫 − 𝒪 = x0e0 + x1e1 + x1e2 + x3e3 𝒫
𝒪 eμ

u = d𝒫/dτ = (d xμ /dτ)eμ

𝗀(u, v) = u ⋅ v
gμν = 𝗀(eα, eβ)

ϕ
⟨k̃, v⟩ = ϕ(𝒫) − ϕ(𝒫0)

ωα = dxα eα
ωα

A = Aα ωα ⟨A, eα⟩ = Aβ⟨ωβ, eα⟩ = Aβδβ
α = Aα

∂v = vα∂/∂xα
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Example for Schwarzschild: basis 1-forms: 

  

Coordinate-free geometry 
Differentiable manifold: a space such that any point has a neighborhood which is homeomorphic to the 

interior of  the Euclidean unit ball (locally flat, continuous).  

Chart: subset of  the manifold that allows us to assign to every point, local coordinates. 

Atlas: collection of  compatible charts (those for which the overlapping is a homeomorphism, or one-
to-one) that cover the manifold. 

Tangent bundle: the set of  all tangent spaces at points of  the manifold. 

Differential forms in flat spacetimes 
Wedge (exterior) product and p-forms: 0-forms are ordinary functions, p-forms  are built as p factors of  1-

forms  under the exterior product. Examples: 

•   1-form in 3D Cartesian space 

•  : 2-form in 3D Cartesian 
space (under the standard manifold orientation ) 

•  : 4-form in (4D) Minkowsky space 

Rules of  wedge product: (1)    (distributive), for order  ; (2) 
 (associative);   (3) ;   (4)  

(anticommutative). So, a p-form can always be expressed as a wedge product of  basis forms , 
preceded by the ordinary multiplication of  all the scalar coefficients. Notes: (1) , but 

!  (2) Anticommutation also implies  

Dual and hodge star: the dual of  a p-form in n dimensions is a (n-p)-form that contains the basis forms 
not in the original form, and the operation to produce the dual is the hodge star. 

Components of  the dual for Minkowsky, signature (-+++):

 

ω0 = (1 − 2M /r)1/2dt
ω1 = (1 − 2M /r)−1/2dr
ω2 = r dθ
ω3 = r sin θ dϕ

ω
dxi

ω = A(x , y, z)d x + B(x , y, z)d y + C(x , y, z)d z

ω = A(x , y, z)d x ∧ d y + B(x , y, z)d x ∧ d z + C(x , y, z)d y ∧ d z
x → y → z

ω = A(t, x , y, z)dt ∧ d x ∧ d y ∧ d z

(a ω1 + bω2) ∧ ω3 = a ω1 ∧ ω3 + bω2 ∧ ω3 p1 = p2
( ω1 ∧ ω2) ∧ ω3 = ω1 ∧ ( ω2 ∧ ω3) a( ω1 ∧ ω2) = (a ω1) ∧ ω2 d xi ∧ d x j = − d x j ∧ d xi

d xi

d x d y = d yd x
d x ∧ d y = − d y ∧ d x d xi ∧ d xi = 0

⋆ ( d xi1 ∧ ⋯ ∧ d xp) = |g | gi1 j1⋯gip jp εj1⋯jn d x jp+1 ∧ ⋯ ∧ d x jn

missing differentials from the original 
form, in order and not repeating (if  
repeating, divide by factorial, see below)

=1 = -1 if   in 
the original 
form

d t

-1 if  permutation is needed for getting standard ordering 
when putting together the original and dual bases.
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Examples in 3D, Cartesian, : , , 
, . 

Examples in Minkowsky: , , 
,  . Signature-dependent results! Note that 

 in this case. 

Cross product, 3D Cart.: ,     
 

 

Triple product, 3D Cart.:  

Exterior derivative: it raises the order of  a form by 1. 1-form from a 0-form:  

Properties of  exterior derivative: (1, linearity)  ;  (2, product with function) 
 ;    (3, product rule, "antiderivation")  ;   

(4, Poincaré's lemma)  

Computation of  the exterior derivative:  and 

  

Curl, 3D Cart.: for a 1-form ,  

Divergence, 3D Cart.: for a 2-form , 
  

Curl of  a gradient: if   in the curl, so that , we see that  by the 
Poincare's lemma. 

Divergence of  the curl: if   (2-form) in the divergence,  by the 
Poincaré's lemma. 

Symmetries and operations 
Dot product: . Inner product: ,  

Tensor, tensor product: putting vectors/one-forms side by side to form a higher-ranked object, a tensor. 
E.g., , and the components can be recovered with , and partially with 

. In general, . 

Symmetrization:  

Antisymmetrization:  

𝗀 = 𝖨 ⋆ 1 = d x ∧ d y ∧ d z ⋆ ( d x ∧ d y) = d z
⋆ ( d x ∧ d z) = − d y ⋆ (⋆ω) = ω

⋆ ( dt ∧ d x) = − d y ∧ d z ⋆ d z = dt ∧ d x ∧ d y
⋆ 1 = dt ∧ d x ∧ d y ∧ d z ⋆ ( dt ∧ d x ∧ d y ∧ d z) = − 1
⋆ (⋆ω) = − 1

A = Ax d x + Ay d y + Az d z B = Bx d x + By d y + Bz d z ⟹
A ∧ B = (AyBz − AzBy)d y ∧ d z + (AzBx − AxBz)d z ∧ d x + (AxBy − AyBx)d x ∧ d y
⟹ ⋆ ( A ∧ B ) = (AyBz − AzBy)d x + (AzBx − AxBz)d y + (AxBy − AyBx)d z = ⃗A × ⃗B

⋆ ( A ∧ B ∧ C ) = ⃗A ⋅ ( ⃗B × ⃗C)

d f = ∑
j

∂f
∂x j

d x j

d( ω + ω′￼) = d ω + d ω′￼
d( fω) = ( d f ) ∧ ω + fd ω d( ω ∧ ω′￼) = d ω ∧ ω′￼+ (−1)p ω ∧ d ω′￼

d( d ω) = 0

d( A ∧ B ) = d(A B ) ∧ [ d x1 ∧ ⋯ ∧ d xpA] ∧ [ d x1 ∧ ⋯ ∧ d xpB]

d(A B ) = [ ∂A
∂xμ

B + A
∂B
∂xμ ] d xμ

A = Ax d x + Ay d y + Az d z ⋆ d A = ⃗∇ × ⃗A

B2 = ⋆ B = Bx d y ∧ d z + By d z ∧ d x + Bz d x ∧ d y
d(⋆B ) = (∂xBx + ∂yBy + ∂zBz)d x ∧ d y ∧ d z ⟹ ⋆ d(⋆B ) = ⃗∇ ⋅ ⃗B

A = d f ⃗A = ⃗∇ f ⋆ d( d f ) = ⃗∇ × ( ⃗∇ f ) = 0

B2 = d A d( d A) = ⋆ [ ⃗∇ ⋅ ( ⃗∇ × ⃗A)] = 0

u ⋅ v = g(u, v) = gαβuαvβ = uαvβ ⟨ξ, b⟩ = ξμbμ ⟨1-form, tang. vect.⟩

S = Sα
βeα ⊗ ωβ Sα

β = S( ωα, eβ)
S(: , eβ) = Sα

(β)eα = Sα(β) ωα (u ⊗ v)( σ, λ ) = ⟨σ, u⟩⟨λ , v⟩

Vμν = Vνμ = V(μν) =
1
2

(Vμν + Vνμ)

Vμν = − Vνμ = V[μν] =
1
2

(Vμν − Vνμ)
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Levi-Civita tensor: The components of   give +1 for even permutations of  0,1,2,... 
and –1 for odd permutations, and 0 if  two elements repeat, for a right-handed basis . For 

, it corresponds to the matrix . 

Wedge product: antisymmetrization of  the tensor product. (bivector)  (vectors), 
and similarly for 1-forms (the result is a 2-form). 

Wedge product for p-forms: distributive and associative, but commutation rule changes: 
, where . 

Dual: . It takes an antisymmetric p-rank tensor and creates a new, 4-p rank tensor 
for which  (for a vector, ). This dual is different from the idea that two sets of  
vectors and 1-forms are dual to each other. For a 2-rank tensor, . Note that 

, where  and the number in brackets is assigned depending on 
whether the indices are an even, odd or other permutation of  0123. Note also that the hodge star 
applied to a vector gives a differential form, so that in order to obtain a vector again, contraction with 
the metric is necessary. 

Examples:  

 

Musical isomorphism: ,  

Exterior derivative: the operator d generates a 1-form from a 0-form f: . For p-forms, it 

generates a -form such that the operator is linear, and , also, 

the operator satisfies the property that . 

The exterior derivative of  a 1 form is the 2-form  (there is a factor of  ). 

Integration of  p-forms: example: integration for 1-form along a curve: 

 

Generalized Stokes theorem: . Example I (previous line, integration of  p-forms, since f is a 

0-form). Example II: . 

Gradient and divergence: (for scalars, ) In Minkowski, the components of   are the partial 
derivatives of  the components of  , e.g.,  (rank increases by one). The divergence  on 

ε = ε (e0, e1, e2, . . . )
{e1, e2}

ε = ε (e1, e2) ( 0 1
−1 0)

u ∧ v = u ⊗ v − v ⊗ u

α
p

∧ β
q

= (−1)pq β
q

∧ α
p

α
p

= σ ∧ τ . . . (p factors)

⋆Jαβγ =
1
1!

Jμεμαβγ
⋆⋆J = (−1)p−1J ⋆⋆J = J

⋆Fαβ = 1
2 Fμνεμναβ

εαβγδ = |g | {1, − 1,0} g = det (gαβ)

B = ⃗B = (Bx, By, Bz) → ⋆B = 𝖡 =
0 −Bz By

Bz 0 −Bx

−By Bx 0

ω = ⃗ω = (ωx, ωy, ωz) → ⋆ω = ↔ω =
0 −ωz ωy

ωz 0 −ωx

−ωy ωx 0

A♭ = Aμdxμ A♯ = Aμeμ

d f = f,idxi

( p + 1) d α
p

∧ β
q

= dα
p

∧ β
q

+ (−1)p α
p

∧ dβ
q

d(d f ) = 0

ξ = dβ =
∂βα

∂xμ
dxμ ∧ dxα 1/1!

∫ d f = ∫
𝒫(1)

𝒫(0) ⟨d f,
𝒫(λ)
d λ ⟩ d λ = ∫

𝒫(1)

𝒫(0)

d f
d λ

d λ = f [𝒫(1)] − f [𝒫(0)]

∫𝒱
dσ = ∫∂𝒱

σ

∫𝒱
dv = ∫∂𝒱

v ⟹ ∫𝒱
( ⃗∇ × ⃗v ) ⋅ d ⃗S = ∫∂𝒱

⃗v ⋅ d ⃗l

∇ f ≡ d f ∇S
S ∂δSαβγ = Sαβγ,δ ∇ ⋅ S
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the first slot of   has components . Also, note that the divergence of  the dual becomes 

  that is, . Or, 

. 

Electromagnetism 
Faraday tensor: antisymmetric 2-form: 

 . Example: 
only magnetic field in x direction: 

. 
In general in matrix form, for Minkowski sign. +2,

 or

 

A 2-form is constructed by the intersection of  
the planes that define the 1-forms. It gives a sense 
of  circulation in a direction (orientation). 

Lorentz force: , where . Example: for a magnetic field in the x 

direction, 
 

 (generalized BAC - CAB rule, one can easily demonstrate it using the definition 
of  the wedge product with the tensor product). 

Maxwell equations:  

1.  (also ) implies ( )

 

2.  or , where  is the Maxwell tensor, which is obtained by replacing 
 and . 

Wave equation: using that the exterior derivative satisfies , one can define the vector potential   
such that , and so,  (Lorentz gauge condition). Also,   
and it may be shown that  (the wave operator). 

Continuity equation: From the first Maxwell equation, , we see that  
(since ), and then, . 

S Sα
βγ,α

(∂x ∂y ∂z)
0 −Bz By

Bz 0 −Bx

−By Bx 0
= (∂yBz − ∂zBy −∂xBz + ∂zBx ∂xBy − ∂yBx) ⃗∇ ⋅ 𝖡 = ⃗∇ × ⃗B

⃗∇ ⋅ 𝖡 = − 𝖡 ⋅
←
∇ = ⃗∇ × ⃗B

F =
1
2

Fαβdxα ∧ dxβ( = Fαβdxα ⊗ dxβ)

Fyz = − Fzy = Bx ⟹ F = Bxdy ∧ dz

F = F♭♭ = (Fαβ) = ( 0 − ⃗E T

⃗E −𝖡 )
F = F♯♯ = (Fαβ) = (ημαFμνηνβ) = ( 0 ⃗E T

− ⃗E −𝖡)

·p =
d p
dτ

= eF(: , u) = e⟨F, u⟩ u =
d xα

dτ
eα

·pαdxα = eBx⟨dy ∧ dz , u⟩ = eBx(dy⟨dz , u⟩ − dz⟨dy, u⟩)
= eBxuzdy − eBxuydz

∇ ⋅ F = 4π J d⋆F = 4π⋆J F♯♯ ⋅ ∇← = 4π J♯

( 0 ⃗E T

− ⃗E −𝖡) (
←
∂t
←
∇ ) = (

⃗∇ ⋅ ⃗E

−∂t
⃗E − 𝖡 ⋅

←
∇ ) = (

⃗∇ ⋅ ⃗E
−∂t

⃗E + ⃗∇ × ⃗B ) = 4π (ρ
⃗J)

dF = 0 ∇ ⋅ ⋆F = 0 ⋆F
⃗E → ⃗B −𝖡 → 𝖤

dd = 0 A
F = dA ddA = 0 d⋆dA = 4π⋆J ⟹ ⋆d⋆dA = 4π J

⟹ ⋆d⋆dA = − □ A

d⋆F = 4π⋆J dd⋆F = 4π d⋆J = 0
dd = 0 d⋆J = ∇ ⋅ J = 0
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Stress-energy tensor 
It has two slots, and contains the information about energy density, momentum density, and stress 

(pressure). 

Properties: symmetric, traceless (the photon is massless ), . 

Interactions with vectors: if   is the 4-velocity of  the observer,  is momentum/volume, and  
is mass-energy/volume. 

Conservation of  energy-momentum:  

Perfect fluid: . In the rest frame of  the fluid, , and 

 

Electromagnetic field: . In matrix form, symbolically, 

, where  is the Poynting vector; the energy density = 

 is obtained from the work done by the field, and the Maxwell stress tensor is obtained 
by inserting Maxwell's equations into the Lorentz force. 

Geodesics and curved spacetime 
Differential topology: results independent of  the metric. 

Vectors as operators: there is an isomorphism between  and : both have the same 
components. This allows us to define a vector as the directional derivative: .  

Commutators:  

Commutator of  two vector fields: for a given basis, , where  are the coefficients of  the 
commutator. Commutators satisfy the Jacobi identity: 

. 

Lie derivative: . It transports a vector field  along 
a vector field . For example, a field like the energy-density 
along the velocity field of  a fluid (advection). 

Covariant derivative: parallel transport of  the vector  
evaluated at  to the point  where the covariant 
derivative  is to be evaluated. The difference of  the two 
vectors, , in the limit  is the covariant derivative. 

Connection coefficients:  "  component of  change in , relative to parallel transport, 
along ". Warning! This definition is not necessarily symmetrical in ; it's not the Levi–Civita connection (coord. basis) 

⟹ T α
α = 0 T 00 ≥ 0

u T(u, :) T(u, u)

∇ ⋅ T = 0

T = (ρ + p)u ⊗ u + ρg (uα) = (1,0,0,0)

(Tαβ) =

ρ 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p

4π Tμν = FμαFν
α −

1
4

gμνFαβFαβ

T = (energy density ⃗ST

⃗S Maxwell stress tensor) ⃗S

( ⃗E 2 + ⃗B 2)/(8π)

u = eαeα ∂u = uα∂α
u = ∂u ⟨d f, u⟩ = ∂u f = u[ f ]

[u, v][ f ] = u{v[ f ]} − v{u[ f ]}

[ea, eb] = Dc
abec Dc

ab

[u, [v, w]] + [v, [w, u]] + [w, [u, v]] = 0

ℒuv = [u, v] v
u

v
𝒫(ϵ) 𝒫(0)

∇u v
δ v = v∥[𝒫(ϵ)] − v[𝒫(0)] ϵ → 0

Γα
βγ = ⟨ωα, ∇γ eβ⟩ α eβ

eγ β , γ
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Chain rule: . If   and  are the 
unit vectors and 1-forms, for which , one can factor out the components of  the covariant 
derivative in terms of  the connection coefficients. The first term, , is the common partial 
derivative, and the other terms are the correction for the curvature (well-known formula for the 
covariant derivative in terms of  the Christoffel symbols) 

Connection coefficients in terms of  the metric: . This implies 

the well-known formula for the Christoffel symbols with the metric. 

Exterior derivative, equivalence principle: the partial derivatives get replaced with covariant derivatives in 
curved spacetime. 

Geodesics and geodesic equation:  (the straightest line). The geodesic equation is, 
then, , where , with  an affine parameter, that is, a parametrization of  
the curve. 

Vector potential in curved spacetime: The exterior derivative in a curved spacetime is 
 changing the 

dummy indexes in the second term,  
, but since the connection is symmetric in its lower indexes 

(torsion-free), the  cancel out, and then, . 

Maxwell equations: (1) the equation  remains unchanged except that  is now the covariant 
derivative (one index is then contracted). (2) The equation  remains exactly the same (only partial 
derivatives). 

Proof  and component forms: Second equation: .Expanding ( ), 

. 
Now, we change dummy indexes so we can collect the basis 1-forms: 

 (using 
the antisymmetry of  the Faraday tensor). Now, canceling the 2 and substituting the connection 
coefficients for the covariant derivatives, 

. The terms 

highlighted cancel out on using the antisymmetry of  the Faraday tensor. Then, the components of  the 
second equation read . For the first equation, the situation is much simpler: 

. 

Basics of curved spacetime (component form) 
Parallel transport: . The change  should be proportional to the vector itself  and to the 

displacement: , and compensates for the changes in the coordinates, so that the vector 
remains parallel to itself. 

∇u( fA ⊗ B) = ( ∇u f )A ⊗ B + f ( ∇u A) ⊗ B + fA ⊗ ( ∇u B) f → T α
β A, B, u

∇eγ
eβ = Γμ

βγeμ

∇μ f = ∂μ f

∇g = 0 ⟹ gαβ;γ =
∂gαβ

∂xγ
− Γμ

αγgμβ − Γμ
βγgαμ = 0

∇u u = 0 ⟹ uα
;βuβ = 0

(uα
,β + Γα

γβuγ)uβ = 0 uα = d xα /d λ λ

dA = Aμ;νdxν ∧ dxμ = Aμ;ν(dxν ⊗ dxμ − dxμ ⊗ dxν) = Aμ;νdxν ⊗ dxμ − Aμ;νdxμ ⊗ dxν

Aμ;νdxν ⊗ dxμ − Aν;μdxν ⊗ dxμ = (Aμ;ν − Aν;μ)dxν ⊗ dxμ

(Aμ,ν + Γξ
μν Aξ − Aν,μ − Γξ

νμ Aξ)dxν ⊗ dxμ

Γξ
μν (∂μ Aν − ∂ν Aμ)dxμ ⊗ dxν = Fμνdxμ ⊗ dxν

∇ ⋅ F = 4π J ∇
dF = 0

dF =
1
3!

Fαβ;γdxγ ∧ dxα ∧ dxβ γ → α → β

= Fαβ;γ(dxγ ⊗ dxα ⊗ dxβ + dxα ⊗ dxβ ⊗ dxγ + dxβ ⊗ dxγ ⊗ dxα

−dxγ ⊗ dxβ ⊗ dxα − dxβ ⊗ dxα ⊗ dxγ − dxα ⊗ dxγ ⊗ dxβ) = 0

0 = dxγ ⊗ dxα ⊗ dxβ(Fαβ;γ + Fγα;β + Fβγ;α − Fβα;γ − Fαγ;β − Fγβ;α) ⟹ 2Fαβ;γ + 2Fγα;β + 2Fβγ;α = 0

Fαβ,γ − Γμ
αγFμβ

(1)
− Γμ

βγFαμ
(2)

+ Fγα,β − Γμ
βαFμγ

(3)
− Γμ

γαFβμ
(1)

+ Fβγ,α − Γμ
γβFμα

(2)
− Γμ

αβFγμ
(3)

= 0

Fαβ,γ + Fγα,β + Fβγ,α = 0
Fαβ

;β = 4π Jα

A → A + δA δ Ai

δ Ai = − Γi
kl A

kd xl
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Derivative of  a vector: , but , and 

so, . 

Derivative of  a covector:  

Symmetry of  the Christoffel symbol: Let  in cart. 

coordinates (the order of  the derivative does not matter when substituting ). The left hand side is a 
tensor, so it must transform as a tensor and render 0 for any frame and coordinates. This implies that 
the lower indexes of  the Christoffel symbol are symmetric. (Torsion-free connection)  

Covariant derivative of  the metric: . But since  and  are just 

representations of  the same object, their derivatives should be related by the metric  

which implies . 

Components of  the Christoffel symbol: The covariant derivative of  the metric implies 
 (1). Permuting the symbols, we get  (2) and 

 (3). Adding (2) and (3) and subtracting (1) we get , and 

finally, . This is the Levi-Civita connection. 

Geodesic equations: ;  . 

Curvature: it is measured by parallel transport of  a vector in a closed path: 
. If  , the spacetime is flat. We apply Stokes’ 

theorem  (where  is the differential 

surface vector).  Then, for the curvature integral, 

. Conducting the chain rule and 

recognizing that the vector does not change position at the end of  the 
trajectory, and then any change must come from  which 
implies , then, we get 

. We call the term inside 

the parentheses the Riemman tensor, . 

Ricci: ; Curvature scalar:  

DAi

Dxl
= lim

dxl→0

Ai(xl + d xl) − [Ai(xl) + δ Ai]
d xl

Ai(xl + d xl) = Ai(xl) +
∂Ai

∂xl
d xl

DAi

Dxl
=

∂Ai

∂xl
+ Γi

kl A
k

DAi

Dxl
=

∂Ai

∂xl
− Γk

il Ak

Ai =
∂V
∂xi

⟹
DAi

Dxk
−

DAk

Dxi
= (Γl

ki − Γl
ik)

∂V
∂xl

= 0

Ai

DAi

Dxl
=

D(gik Ak)
Dxl

= gik
DAk

Dxl
+ Ak Dgik

Dxl
Ai Ai

DAi

Dxl
= gik

DAk

Dxl
Dgik

Dxl
= 0

∂gik

∂xl
= Γm

klgim + Γm
il gmk

∂gil

∂xk
= Γm

ikglm + Γm
lkgmi

∂gkl

∂xi
= Γm

li gkm + Γm
kigml 2Γn

ikgln =
∂gli

∂xk
+

∂gkl

∂xi
−

∂gik

∂xl

Γm
ik =

1
2

gml ( ∂gli

∂xk
+

∂gkl

∂xi
−

∂gik

∂xl )
s = ∫ gik

d xi

d λ
d xk

d λ
d λ δs = 0 ⟹

d2xm

d λ2
= − Γm

kl
d xk

d λ
d xl

d λ

ΔAk = ∮𝒞
Γi

kl Aid xl ΔAk = 0

∮∂𝒮
Aid xi =

1
2 ∫𝒮

d f ik ( ∂Ak

∂xi
−

∂Ai

∂xk ) d f ik

ΔAk =
1
2 ∫ d f ik [ ∂(Γi

km Ai)
∂xi

−
∂(Γi

kl Ai)
∂xk ]

δ Ai = Γk
il Akd xl

∂Ai /∂xl = Γn
il An

ΔAk =
1
2 ∫ [ ∂Γi

km

∂xl
−

∂Γi
kl

∂xm
+ Γn

kmΓi
nl − Γn

klΓ
i
nm] Aid f lm

Ri
klm

Rμν = Rα
μαν R = gμνRμν = Rμ

μ
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Einstein field equations 
Einstein tensor: If  spacetime curves itself  with the presence of  matter-energy,  has to be proportional 

to a tensor  that contains information on how spacetime is deformed ( ). Then, , just as , 
must comply with . Curvature is expressed by the Riemann tensor,  (4-rank). In analogy to 
Maxwell's first law, we take , the double dual of  Riemann (two pairs of  alternating indexes, two 
places to take the dual). But  is a 4-rank tensor, so we reduce two indexes to form , 
which indeed complies with . 

Einstein field equations: Reducing everything to the limit of  Newtonian gravity, we find  
(geometrized units) or  (SI units,  is the gravitational constant, not the trace of  ). So, 

, where . 

Newtonian limit 
Correspondence principle for the potentials: With the Lagrangian of  special relativity with a Newtonian 

potential , we have an action . For  and , we can put 

everything inside the square root with the expansion  ( ): 

  

Since  and , we identify the metric 

 and then, . 

We could also have found the same result by starting from the geodesic equations and saying that the 
left-hand side is the acceleration (then, by Newton's second law, it is equal to the potential). The right-
hand side is simplified by the linear approximation  ( : Minkowski); the Christoffel 
symbols reduce to only , and the whole equation yields 

. 

Christoffel symbols: for the approximate metric, . Using this, we calculate , 

neglecting quadratic terms. 

Proportionality constant in Einstein Field Equations: for the time component of  the equations, 

. But for , , which implies . Now, 

 (To lower the indices in the right-hand side, we just multiply by , since we 

are ignoring quadratic terms). Then, . Comparing with the Newtonian Gauss' law, 
, we get . 

T
G G = κ T G T

∇ ⋅ G = 0 R
G = ⋆R⋆

G G = G( ωα, : , eα, :)
∇ ⋅ G = 0

κ = 8π
κ = 8π G /c4 G G

Gμν = 8π Tμν Gμν = Rμν −
1
2

gμνR

Φ I = − ∫ m c2 1 −
v2

c2
+ mΦ dt Φ ≪ c2 v ≪ c

1 + x ≈ 1 + x /2 x → 2Φ

I ≈ − ∫ m c2 1 −
v2

c2
+

2Φ
c2

dt ≈ − m c∫ (1 +
2Φ
c2 ) c2dt2 − v2dt2

v2 =
d x2 + d y2 + d z2

dt2
I = ∫ d s

d s2 = − c2dτ2 = − (1 +
2Φ
c2 ) c2dt2 + d x2 + d y2 + d z2 g00 = − 1 − 2Φ/c2

gμν ≈ ημν + hμν ημν
Γi

00 = h00,i /2 Φ,i = h00,ic2 /2
⟹ g00 = − 1 − 2Φ/c2

∂g00

∂xα
= −

2
c2

∂Φ
∂xα

Γα
00 =

1
c2

∂Φ
∂xα

R 0
0 = κ (T 0

0 −
1
2

T) p → 0 T ≈ T 0
0 = − ρc2 R 0

0 = −
1
2

κ ρc2

R00 =
∂Γα

00

∂xα
=

∇2Φ
2

g00 ≈ − 1

∇2Φ = κc4ρ /2
∇2Φ = 4π Gρ κ = 8π G /c4
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Linearized theory of relativity 
It is based in the expansion , with . The information of  the curvature is in 

, and  is used to raise and lower indexes. Christoffel: . Ricci lineariz.: 
; ; . 

 Einstein field equations: 

 

which can be simplified using the transformations  and  to 
. 

Gauge condition and wave equation: One can impose the gauge condition  (analog of  the Lorentz 
gauge of  electromagnetism), and, after that, we get , which is a wave equation, and has 
a wave-like solution. 

Nearly Newtonian gravitational fields: the correction has the form of  a retarded potential, 

. For a nearly Newtonian source, and if  the retardation is 

negligible,  (the rest is zero), with  being the Newtonian potential, and the metric is 
. For points far from the source, . 

[The Newtonian potential with quadrupole moment is . Look up 
geopotential.] 

Geometric optics 
The fundamental laws of  geometric optics are: (1) light rays are null geodesics; (2) the polarization 

vector is perpendicular to the rays and is parallel-propagated along the rays; (3) the amplitude is 
governed by an adiabatic invariant which, in quantum language, states that the number of  photons is 
conserved. 

Validity of  geometric optics: (wavelength )  ( radius of  curvature of  spacetime) 

Description with the vector potential: , where  is the 
phase. [  is analog to  in quantum mechanics] 

Wave vector: since , this means that , or by a Taylor expansion, 
, and so, we identify . By the correspondence principle, the phase 

should be equal to , so,  and  (geom. units). 

Amplitude:  that is, , 
where , , and  (inserted just to keep track of  the order). 

gμν = ημν + hμν |hμν | ≪ 1

hμν ημν Γμ
αβ =

1
2

(h μ
α ,β + h μ

β ,α − h ,μ
αβ )

Rμν ≈ Γα
μν,α − Γα

μα,ν R ≈ ημνRμν h = hα
α

h α
μα,ν + h α

να,μ − h α
μν,α − h,μν − ημν(h ,αβ

αβ − h β
,β ) = 16π Tμν

h̄μν = hμν −
1
2

ημνh hμν = h̄μν −
1
2

ημνh̄

−h̄ α
μν,α − ημνh̄ ,αβ

αβ + h̄ ,α
μα ,ν + h̄ ,α

να ,μ = 16π Tμν

h̄μα
,α = 0

−h α
μν,α = 16π Tμν

h̄μν(t, ⃗x ) = ∫
4Tμν(t − | ⃗x − ⃗x′￼| , ⃗x′￼)

| ⃗x − ⃗x′￼| d3x′￼

h̄00 = − 4Φ Φ
d s2 = − (1 + 2Φ)dt2 + (1 − 2Φ)(d x2 + d y2 + d z2) Φ ≈ − M /r

Φ = −
GM

r
− C

GM
r3

1
2

(1 − 3 cos2 θ )

→ λ ≪ ℛ ←

A = ℜ{amplitude × eiθ} θ ∼ k × (distance propagated)
θ S

θ = kα xα + const θ = k ⋅ x + const
θ = ∇θ ⋅ x + other terms ∇θ = k

θ = ⃗k ⋅ ⃗x − ωt k0 = ω | ⃗k | = kiki = 2π /λ = ω

amplitude = [indep. of λ] + [small corrections] amplitude = a + ϵb + ϵ2c + ⋯
b ∝ λ c ∝ λ2 ϵ = 1

11
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Polarization: to first order, , where  is the scalar amplitude  and  is the 
polarization. For example,  is linear polarization in the x direction, and  is 

righthand circular polarization. 

Electromagnetic field tensor: it's always perpendicular to the rays, , so 
 (omitting the real sign). 

Geodesic equation: Introducing the field tensor in the second Maxwell equation, we have 
  (a). In the first Maxwell equation, we substitute 

 and get . Collecting the 

terms with order  and substituting , we get  (b). Now, multiplying (a) by  
we get . Using (b), we get , and, since in general , 

, that is, the condition that geodesics must be null (see below). Let's remember that , 
since  is a gradient. Now, from the null geodesic condition, let us form a contravariant tensor with the 
derivative,  we get  , which is the 
geodesic equation. 

Light rays: they are defined as curves  normal to surfaces of  constant phase . Since  is 
normal to these surfaces, , where  are the coordinates of  a point in the ray, and  is an 

affine parameter. This means that geodesics satisfy , that is, the proper 

time along a geodesic is zero. 

Affine parameter: it satisfies . Therefore, , and so, the affine 
parameter is given by . [We can choose const = 0].  is the proper time 
but as measured by a local Lorentz observer who sees angular frequency  (because those frame-
dependent quantities are being divided, the quotient, in this case the affine parameter, is frame 
independent). 

Doppler effect: by the chain rule, , where  is the 

four-velocity of  the observer relative to the source. For two observers, . 

Gravitational redshift: for a static observer , and then, , but , which 
implies . If  we choose the affine parameter of  the observer as its proper time, 

, we can normalize it to  [it is -1 because 

of  the signature +2, with Minkowski, , but for a static observer, 
, , implies  and ] 

Photon reinterpretation: we make , the momentum of  the photon, and then, 
, and we get the energy of  a photon: . It is also possible to put 

the amplitude of  the wave in terms of  the number density of  the photons. 

a = a f a a = (a ⋅ ā)1/2 f
f = ex f =

1

2
(ex + iey)

F ⋅ k = 0 F = dA = ℜ{i aeiθk ∧ f}
⟹ Fαβ = aαβeiθ/ϵ + ⋯

θ,γaαβ + θ,αaγβ + θ,βaαγ = 0 ⟹ kγaαβ + kαaγβ + kβaαγ = 0

Fαβ = eiθ(aαβ + ⋯) Fαβ
;β = eiθ/ϵi

θ,β

ϵ
aαβ + connection terms of order ϵ0 + ⋯ = 0

1/ϵ θ,β = kβ aαβkβ = aαβkβ = 0 kγ

aαβkγkγ + aγβkαkγ + aαγkβkγ = 0 aαβkγkγ = 0 aαβ ≠ 0
kγkγ = 0 kγ;β = kβ;γ

k
0 = gαγ(kβkβ);γ = 2gαγkβkβ;γ 2gαγkβkγ;β = 2kβkα

;β = 0 ⟹ kβkα
;β = 0

𝒫(l ) θ k = ∇θ
kμ = d xμ /dl xμ l

kμkμ =
d xμ

dl
d xμ

dl
= 0 ⟹ d s2 = 0

k = d /dl k0 = d x0 /dl ⟹ ∫ dl = ∫ d x0 /k0

l = t /k0 + const = t /ω + const t
ω

ωlocal = −
∂θ

∂t local
= −

∂θ
∂xα

local

∂xα
local

∂t local
= − kαuα uα

ω1

ω2
=

kα,1uα
1

kα,2u α
2

ui = 0 ω = − k0u0 k0 = g0iki + g00k0

ω = − (g00k0 + g0iki)u0

u0 = d x0
obs /dτ u0u0 = − 1 ⟹ g00u0u0 = − 1 ⟹ u0 =

−1
g00

d s2 = − dt2 + d x2 + d y2 + d z2

d x = d y = d z = 0 t = τ d s2 = − dτ2 d xμ

dτ
d xν

dτ
= − 1

p = ℏk
ω = − k ⋅ u = − 1

ℏ p ⋅ u E = ℏω = − p ⋅ u
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Static stars 
General solution: the general solution of  the Einstein field equations, assuming spherical symmetry is 

. 

The function : Inserting the metric into the Einstein field equation for the local time  and 
integrating, , where  (enclosed mass). 

The function : Inserting the metric into the Einstein field equation for the local radius  

 (it reduces to  in the Newtonian limit). 

Hydrostatic equilibrium:   

Tolman-Oppenheimer-Volkoff  (TOV) equation: inserting the equation for  into the hydrostatic 

equilibrium condition:  

Proper mass: the proper mass of  the neutron star is  

. This is larger than the enclosed mass appearing in the Einstein field 

equations, which is interpreted as an effective mass. The difference between the two values is called the 
gravitational binding energy. 

External field: Schwarzschild solution. It is obtained by making  for , , and 

comparison with the Newtonian potential:  

Internal Schwarzschild field: for a constant-density spherical star, , the TOV equation is 

separable and yields , where ; which in turn gives us 

, where  is the radius of  the star, with the condition that 

. 

Stellar model: with the equation of  state , and the density or pressure at the center , the 
TOV equation can be integrated (numerically), giving the value of   and  (when the pressure goes to 
zero). Current efforts for neutron stars are in order to invert the process: given the values of   and , 
“guess” the equation of  state using different assumptions. 

Radiation 
From “Notes on Astrophysics”: Intensity: . For blackbody radiation, . Flux: 

. Total flux: . 

d s2 = − e2Φ(r)dt2 + e2Λ(r)dr2 + r2(dθ2 + sin2 θdϕ2)

Λ E ̂t ̂t = 8π T ̂t ̂t

e−2Λ = 1 −
2m
r

m = ∫ 4πρr2dr

Φ E ̂r ̂r = 8π T ̂r ̂r

⟹
dΦ
dr

=
m + 4π r3p
r (r − 2m)

dΦ/dr = m /r2

T ̂r ̂μ
;μ = 0 ⟹

dp
dr

+ ( p + ρ)
dΦ
dr

= 0

Φ
dp
dr

= − (ρ + p)
m + 4π r3p
r (r − 2m)

Mp(R ) = ∫ns
ρd 𝒱 = ∫

R

0
4π r2ρ(r) grr dr

= ∫
R

0
4π r2ρ(r) 1 − 2m(r)/rdr

m = M r > R p = 0

d s2 = − (1 −
2M
r ) dt2 +

dr2

1 − (2M /r)
+ r2(dθ2 + sin2 θdϕ2)

m =
4
3

πρr3

p =
a2 − r2 − a2 − R2

3 a2 − R2 − a2 − r2
ρ a2 =

3
8πρ

e2Φ = ( 3
2

1 −
2M
R

−
1
2

1 −
2M
R3

r2)
2

R

e2Φ(r=R) = 1 − 2M /R

ρ( p) p(r = 0)
M R

M R

Iν =
dℰν

dt ΔA dν dΩ
Iν = Bν(T )

Fν = ∫ Iν cos θdΩ F = ∫ Fνdν
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Number density of  photons in phase space . Since it is a countable number, it is an 

invariant.  (“cylinder” of  particles that go through , geom. units).  
(spherical coordinates). For a photon, in SI units,  . Then, in 
geometrized units,  . 

Intensity invariant: we replace in the intensity equation , and then, . 

Substituting this equation in the number density in phase space, . This means that 

 (affected by gravitational redshift). 

Wien’s displacement law:   (affected by gravitational redshift). 
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=
δN

VconfigVphase
Vconfig = ΔA dt ΔA Vphase = p2dpdΩ

ℰ = pc = h ν = p0 ⟹ dp = h dν /c
Vphase = h3ν2dνdΩ ⟹ num. dens. =

δN
ΔA dt h3ν2 dν dΩ

dℰν = h νδN Iν =
h νδN

dtΔAdνdΩ
num. dens. =

Iν

h4ν3

Iν,obs
ν3
obs

=
Iν,em
ν3em

⟹ Iν,obs = Iν,em (
νobs
νem )

3

Tobs
νobs

=
Tem
νem

⟹ Tobs = Tem
νobs
νem
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