
Stellar hydrostatics 
The matter enclosed in a spherical shell of  thickness ￼  has a mass ￼ . 

The first stellar structure equation is ￼ . 

Hydrostatic equilibrium: net force caused by the gradient of  
pressure: ￼ . ￼ . The 

second stellar structure equation is ￼ . 

[If  the density were constant (obviously not the case), the first 
structure equation yields ￼ , and the second equation, ￼  
￼ ] 

Equation of state of degenerated mater 
Pressure: in a cubic container of  side ￼ , change of  momentum is ￼ , and 

the velocity is ￼ . The force on a wall is ￼ . The pressure is 
the average force per unit area (the area is 1): ￼  

In terms of  a number density n of  particles with momentum between ￼  and ￼ , 
the pressure is ￼  . Converting to spherical coordinates, 

 ￼ . 

Ideal gas: the ideal gas is non-relativistic, so we use ￼ , and get ￼ . For a Maxwellian 

distribution, ￼ , and this implies that ￼ . 

Degeneracy: multiple states have the same energy. If  the lowest energy states in a gas are completely 
filled, we say the gas is degenerate. 

White dwarfs and neutron stars: in a white dwarf, electrons become degenerate, and in a neutron star, it's 
the neutrons. The degeneracy causes a pressure. 

Why electrons become degenerate much before protons and other nuclei? Because of  the equipartition of  energy, 
to the low mass of  an electron corresponds a low momentum: 
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￼  

so that if  the momentum of  the electron is small, its area in phase space is also small. 
Degeneracy starts when that area is close to the uncertainty principle. Protons have a 
bigger area, so they degenerate after electrons. 

States in a degenerate gas: In quantum mechanics, the phase space is 
discretized into cells whose 6D volume is ￼ . For degenerate matter, 
each energy state has the particles packed as close as possible to the 
origin of  momentum space (they have the lowest possible kinetic 
energy). Also, in each cell only two particles can fit (two spins). The 
configuration that minimizes the total energy is a sphere centered in 
￼  that has two particles in every cell out to some maximum 
momentum of  magnitude ￼ , the Fermi momentum. Then, the 
distribution of  states in the phase space per unit phase-space-volume 
is 

￼  

Number density: the distribution ￼ is per unit volume and per unit 
momentum-volume, so, the number density n of  particles per unit 
volume is calculated by integrating f in all the momenta: 

￼  

Degeneracy pressure: using the distribution function for degenerate matter, we have ￼ . 

For a relativistic particle, ￼ , and using ￼ , we get

￼  and then, ￼ . 

Two cases: if  the particles are non-relativistic, ￼ , and ￼ . If  the particles are ultra-

relativistic, ￼ , and then ￼ . 

Fermi momentum and density: we know a relation between Fermi momentum and the number of  states 
(equal to the number of  electrons  in the case of  a degenerated gas), but not a relation between the 
number of  electrons and the density. Let's construct the following: 

￼  
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Then, ￼ , with ￼  (the "mean molecular weight"). Equating both 

expressions for the number of  electrons, ￼ . 

Equations of  state for white dwarfs: relating the pressure with the density in the non-relativistic and the 
ultra-relativistic cases, we get, for the first one, ￼  (where ￼  in SI units), and for the 
second one, ￼  (where ￼ ). 

Eq. of  state in terms of  the number density: from the number density, we get ￼ . For the 

case of  the non-relativistic degenerate gas, ￼ , and for the relativistic case, 

￼  

Order of magnitude approximations for stars 
Mass-density: ￼  

Number density: ￼  (protons dominate mass) 

Pressure: from the second structure equation, ￼  

Main-sequence star: made of  ideal gas. Its temperature can be estimated as 

￼ , for the Sun, ￼ . 

White dwarf: made of  an electron gas. A typical white dwarf  is not relativistic, so, ￼ . 

This implies ￼  ￼  ￼ . In 

general, more massive stars are smaller. For a white dwarf  the mass of  the Sun, ￼  (the size of  
the Earth). 

Neutron stars and mass limit: For an ultra-relativistic particle gas in general, ￼ , which implies 

that ￼ (at the end, the adimensional constants cancel out!), which implies 

that in this case, ￼  is independent of  the radius, and so, there is a universal limit to the mass of  a star 
that satisfies this equation of  state. For a neutron gas, ￼ , and for the mass of  the star, we get 

￼  (The Chandrasekhar limit is ￼ ; very close!!). 

Luminosity: total power radiated from the surface: ￼ . For the Sun, 
￼ , ￼ , and ￼ . 

Degenerate gas: an order-of-magnitude argument to derive the degeneracy pressure is as follows. From 
quantum mechanics, we know: phase-space cells are discretized (￼ ), and two identical fermions 
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cannot have the same quantum state simultaneously. There is a minimum energy that group of  ￼  
fermions can have so they don't have the same quantum state simultaneously. That minimum (kinetic) 
energy (Fermi energy) determines a Fermi momentum, which originates the pressure. Then, the 
pressure should depend on the number of  fermions, and the phase-space cell size. We can include the 
spatial size in a volume, and say that ￼  should depend on ￼ , the number density. The phase-space size is 
also dependent on mass (more mass, more momentum), and ￼  comes into play because of  quantization 
of  the phase space. The pressure should not depend on temperature, since the pressure must be felt in 
the minimum energy state (“￼ ”). Then, ￼ , where the exponents are determined by 
dimensional analysis, yielding ￼ , in agreement with the correct calculation (except for a 
dimensionless constant of  order unity). For a relativistic degenerate gas, we replace the dependency 
￼  and recalculate exponents so we get ￼ . 

Energy scales: gravitational energy ￼ ; chemical energy￼ , where ￼  is the 
energy per chemical reaction, that can be estimated by some jump in energy levels (max.: ionization 
energy); nuclear energy ￼ . 

Neutron stars 
Neutron drip: Neutrons decay according to the equation ￼  (where ￼  is the antineutrino). 

The half-life of  this reaction is about 13 minutes. The reverse reaction is also possible, according to the 
equation 

￼  

the mass-energy term is due to the fact that ￼ . Suppose a system with the Fermi energy 
(expressed as ￼ ). We want to put another electron. This is not possible unless we add 
to it a kinetic energy ￼  that is, at least, the mass-energy deficiency, ￼ . In that 
case, a neutron can be formed (it's energetically favorable to do so) if  it can be formed in its ground 
state and it's not degenerated. Then, the condition for the critical Fermi momentum is 

￼  

Density and radius: by inserting the critical Fermi momentum into ￼ , we find the number of  

particles per unit volume. The critical density, that is, the minimum density to form a neutron star, is 
calculated with ￼ , since those are the only species present in a neutron star. Substituting 
the constants, ￼ , although this is a first order approximation. A more realistic value is 
￼ . 

Upper limit on density: a neutron is composed of  two down quarks (￼ ) and one up (￼ ). Repeating the 
same energy analysis for the decay of  neutrons into quarks, ￼  
￼ , which gives ￼ , which is one order of  magnitude higher 
than the typical density of  ￼ . 

Equation of  state: when neutrons are packed to densities close to the density inside an atomic nucleus, 
the neighboring neutrons interact with each other through nuclear forces and it's no longer justified to 
treat them as non-interacting particles. 
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Schwarzschild radius: for the Crab pulsar (neutron star), ￼ , ￼ , ￼ , the 
Schwarzschild radius gives us ￼ . 

Pulsar: neutron star that emits radiation in a different axis than rotation, so, seen from the Earth, one 
observes pulses. 

Energy radiated from a pulsar and its magnetic field: the energy radiated must come from 
rotational energy. From electrodynamics, the Larmor formula states that 
￼  (where ￼  is energy, not electric field). 

In a neutron star, the magnetic dipole ￼  precesses about the angular velocity ￼ , so, 
￼  ￼  ￼ . Inserting this in the 
Larmor Formula, 

￼  

Near the pole, the magnetic field has a strength ￼ . Using this, we can put everything 

in the Larmor formula, also remembering that the rotational energy is ￼ , 

￼  

From a graph, ￼  and ￼  can be determined, and then, one can calculate the magnetic field. For the 
Crab pulsar, for example, if  ￼ , the magnetic field gives us ￼ . 

Classical structure of compact objects 
We can combine the two structure equations to get 

￼  

and the general form of  the equations of  state is 
￼  (polytropic gas). 

We put the equation in an adimensional form by using 
the transformations  1

￼ ,  ￼ , ￼  

(￼  is the density at the center of  the star), so that the 
structure equation becomes the Lane-Emden equation: 

￼  

The boundary conditions are that the density in the 
center be ￼ , which implies that ￼ , and that the density be a smooth curve, ￼ . The 
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 The idea of  the transformation is to get rid of  the density from inside the parenthesis. The Lane-Emden equation is obtained by 1

differentiating the second structure equation w.r.t. r and substituting both the first and second stellar equations in the result.
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from math import * 

xi = 0 
th = 1 
th_p = 0 

dxi = 0.0001 
while th > 1e-4: 
    xi = xi + dxi 
    th_p = th_p + (-2*th_p/xi-th**3)*dxi 
    th = th + th_p*dxi 
     
print(xi**2*abs(th_p))

2.0181089977640925



mass of  the star can be calculated as 
￼ , where ￼  is the adimensional radius of  the star, considered as 
when the adimensional pressure goes to zero. 

For ￼  (ultra-relativistic case), the mass is independent of  ￼ : upon substitution of  ￼ , 
￼ . The Lane-Emden equation is solved numerically to get ￼ , and the integral of  the 
mass can be solved by using the Lane-Emden itself  (multiplying 
both sides by ￼ ). Substituting all the values in terms of  
fundamental constants, we obtain the Chandrasekhar limit: 

￼  

for a white dwarf, ￼  (the hydrogen has been exhausted, 
and helium remains), so ￼  and ￼ . In the box, 
a small Python program that calculates the value of  ￼  
is shown, yielding 2.018. 

For a neutron star, the mass limit is not known very 
accurately because the equation of  state is also not known very 
accurately. There is a theoretical limit of  a mass of  about ￼  (found by 
demanding that the equation of  state cannot be so stiff  that the speed of  
sound is larger than the speed of  light). 

Radiative transfer 
Blackbody radiation: Planck's law: the energy density ￼  for the frequency ￼  

(formally, the frequency range, ￼ ) is ￼  

Specific intensity. The energy of  a given frequency coming from a solid 
angle ￼  and inciding over an area ￼  (projected perpendicularly to it) in 
a time ￼  is ￼ , where ￼  is the specific 
intensity. 

Radiation flux for a frequency ￼ : ￼  (power that crosses an 

area from all directions). The total flux for all frequencies is ￼ . 

Uniformly radiating sphere: consider a sphere of  
radius ￼  that radiates with uniform intensity ￼ . 
z-axis along ￼ . The flux that an observer located at ￼  receives is 

￼ ￼ ￼ , but 

since ￼ , ￼ . Observe that the term ￼  is the solid angle 
subtended by the sphere at P (both making the star bigger or closer have the same effect). 

Energy density: energy ￼  that passes through a cylinder of  base ￼  and height ￼ : 
￼  ￼  ; if  isotropic, ￼  
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Radiation pressure. Radiation has momentum ￼ . 
￼ . The pressure 

counting all directions is ￼ ; if  isotropic, ￼ . Comparing with 

the isotropic energy density, ￼ . 

Radiative transfer in empty space: the radiation going through 2 due to 1 is 
￼ , and, by symmetry, the radiation that 1 receives due to 2 is 
￼ . But the energy is conserved, and ￼ , so, ￼ , which 
implies that, along the ray path, ￼  in empty space. Conclusion: the specific intensity 

does not depend on distance, so it's a measure of  surface brightness (total ￼  but the angular size 
also is ￼ , so the effects cancel out). 

Radiative transfer equation: in the presence of  matter, ￼ . If  matter emits, it sums ￼  

(emission coefficient, units of  intensity/length). If  matter absorbs, it will diminish the intensity, so one 
subtracts an amount proportional to ￼ ; ￼  is the absorption coefficient. 

Optical depth: if  we consider absorption only, ￼  ￼ . Integrating in a 

path, we get ￼ . We define the integral in the rhs as the optical depth ￼ . Then, 

the solution for only absorption is ￼ . If  the optical depth is ￼ , the intensity at the 
beginning is almost the same as at the end ￼  the medium is optically thin or transparent. If  the 
optical depth is ￼ , the final intensity is about zero ￼  the medium is optically thick or opaque. 

Source function: we define ￼ . We can have the radiative transfer equation in terms of  ￼ : 
￼ ￼ . This differential equation can be solved by using an integrating 

factor ￼ : ￼  ; we integrate from ￼  in the ray path, which corresponds to 

￼ , yielding ￼ .  ￼  is the boundary condition and can be 

fixed by including incoming radiation. ￼  is the intensity emerging from the medium to the observer; 
the first term is absorption along the ray, and the second term is the sum of  the contributions of  all 
sources along the ray. 

Limiting cases: for constant coefficients and no incoming radiation, ￼ . If  the object is 
optically thin, ￼ ,  ￼ , with ￼ , being ￼  the length of  the material￼ . If  
the object is optically thick, ￼  ￼ . 

Kirchhoff's law: when matter is in thermodynamic equilibrium, all that is emitted must be absorbed. 
That means that ￼ , but since ￼  for equilibrium, ￼ . 

Stellar atmospheres: radiation transport 
Overview: consider a stellar atmosphere as shown in the drawing. The angle ￼  
relates the radial propagation of  radiation to the direction of  the observer. The 
idea is to obtain the intensity emerging from the surface of  the star. In order to 
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model the problem, we can imagine the atmosphere as being composed by vertical layers. 

Plane parallel atmosphere 

Radiative transfer equation: consider a vertically-layered static atmosphere. 
This means that intensity doesn't depend on time and the only coordinate 
is ￼ , however, this is not a 1D problem since the radiation can travel in all 
directions. From the figure, ￼ ; defining ￼ , we have 
￼ . The equation of  radiative transfer becomes 
￼ . We define the optical depth differently than before, 

as ￼  (with ￼  instead of  ￼ ; the minus indicates increase in depth 
with lower ￼ ). Then, we get ￼  

Solution for outward rays: for outward rays, ￼ . We define ￼  at the surface of  the 
atmosphere, and no incoming radiation. In the interior of  a star, we can assume that a ray 
starts at ￼ ; the medium is very optically thick. 

Then, ￼ . 

Solution for inward rays: for inward rays, ￼ , and we have 
￼  

Integrals involving ￼ : for any function ￼ , ￼ ￼ . But 

￼ , and the integral yields ￼ . 

Thermodynamics: we assume local thermodynamical 
equilibrium (LTE, Kirchhoff's law valid). At some optical depth, 
￼ . At a nearby point, we have 
￼  . Substituting in the solution, we 

get (details in figure) ￼ . Now, we calculate the 

energy density, flux and pressure (non isotropic), by using this 
result and the definitions in terms of  ￼ : 

Energy density: ￼  (int. of  

first term is ￼ , and of  the second term is 
￼ ) 

Flux: ￼  (int. of  first term is zero, and of  the second term is 

￼ ) 

z
d z = d s cos θ μ := cos θ

d s = d z /μ

μ
∂Iν(z , μ)

∂z
= jν − ανIν

dτν = − ανd z z s

z μ
∂Iν(z , μ)

∂τν
= Iν − Sν

0 ≤ μ ≤ 1 z = 0

−∞

Iν(τν, μ) = ∫
∞

τν

Sνe−(τ′￼ν−τν)/μdτ′￼ν /μ

−1 ≤ μ ≤ 0

Iν(τν, μ) = ∫
τν

0
Sνe−(τν−τ′￼ν)/(−μ)dτ′￼ν /(−μ)

μ f (cos θ ) ∫ f (cos θ )dΩ = ∫
π

θ=0 ∫
2π

ϕ=0
f (cos θ )sin θdθdϕ

μ = cos θ ⟹ dμ = − sin θdθ 2π∫
1

−1
f (μ)dμ

Sν = Bν(T (τν)) := Bν(τν)

Sν = Bν(τν) + (τ′￼ν − τν)
d Bν

dτν
+ ⋯

Iν(τν, μ) = Bν + μ
d Bν

dτν

μ

Uν =
2π
c ∫

1

−1
Iνdμ =

4π
c

Bν(τν)

∫ 1
−1

dμ = 2
∫ 1

−1
μdμ = 0

Fν = 2π∫
1

−1
Iν μdμ =

4π
3

d Bν

dτν
∫ 1

−1
μ2dμ = 2/3
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Pressure: ￼  (int. of  1st term is 2/3, and of  2nd term, 0) 

Isotropy inside a star: our expansion is valid if  ￼  is small, and from the thermodynamic 

quantities we see that this ratio is ￼  (equal in all freq. to make an order of  
magn. approx.). The flux through the surface of  a star considered as a black body is ￼ , 
where ￼  is the effective temperature of  the surface. The energy density yields ￼ , 
which means that the ratio of  anisotropy/isotropy is ￼ . In deep layers of  the 
stellar atmosphere, ￼ , and in those layers, the LTE approximation is valid. 

The grey atmosphere problem 

Grey approximation: absorption coefficient considered as constant. This is not realistic, but it's 
useful for determining boundary conditions or start iterative calculations. 

Equations: integrating every quantity in frequency, the radiative transfer equation becomes: 

￼ . The thermodynamic quantities become ￼ ; ￼ ; 

￼ . 

Average specific intensity J: ￼  ￼ .   

( ￼  ) 

Zeroth-moment equation: multiplying the radiative transfer equation by 
￼  and integrating in ￼ , we get ￼ . Within the stellar 

atmosphere, we assume radiative equilibrium, which means that 
emission and absorption must be equal. Then, 
￼  ￼  ￼ , which 
means that ￼ . 

First-moment equation: multiplying the radiative transfer equation by 
￼  and integrating over ￼ , we get ￼ . Since ￼ , 

we can integrate to get ￼ , where ￼  is a constant. 

Radiative transfer in radiative equilibrium: using the above equations, we get 

￼ , which is an integro-differential equation for ￼. 

Eddington approximation: we know (§ Radiative transfer) that, for an isotropic medium, 
￼ . This is the case at great depths, as it is our assumption, but the relation does not hold 
everywhere. We assume (Eddington approximation) that it holds everywhere. Since ￼
￼ , and ￼ , we have, for the pressure, ￼ . Using the solution of  the 
first-moment equation, ￼ ￼ . Now, we must determine the 

constant of  integration ￼ . 

Pν =
2π
c ∫

1

−1
Iν μ2dμ =

4π
3c

Bν(τν)

d Bν /dτν

Bν
≈ 3Fν /(cUν) ≈ 3F /(cU )

F = σ T 4
eff

Teff U = (4σ /c)T 4

≈ 3/4(Teff /T )4

T ≫ Teff

μ
∂I(τ, μ)

dτ
= I − S U =

2π
c ∫

1

−1
Idμ F = 2π∫

1

−1
Iμdμ

P =
2π
c ∫

1

−1
Iμ2dμ

J =
1
2 ∫

1

−1
Idμ ⟹ J =

c
4π

U

J(τ) = 2π ∫ 1
−1 [ ∫ Jν(τ, μ) dν] dμ

1/2 μ
1

4π
d F
dτ

= J − S

∫ dν ∫ dΩ ανIν = ∫ dν ∫ dΩ jν ⟹ 2π α ∫ Idμ = j ⋅ 4π ⟹ S = J
d F /dτ = 0 ⟹ F = const

2πμ /c μ
d P(τ)

dτ
=

F(τ)
c

F = const

P = F ⋅ (τ + q)/c q

μ
∂I(τ, μ)

∂τ
= I −

1
2 ∫

1

−1
Idμ I

P = U /3
J = cU /(4π)

⟹ U = 4π J /c J = S P = 4πS /(3c)
4πS
3c

=
F ⋅ (τ + q)

c
⟹ S =

3F
4π

(τ + q)

q
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Constant of  integration: the general solution of  the radiative transfer equation with the source 
function is ￼ . Considering only radiation that comes out of  the stellar 

surface, ￼  and ￼ : ￼ . The 

flux coming out of  the atmosphere is ￼  

￼ . 

Temperature inside of  a grey atmosphere: with all in place, the source function as function of  the 

flux is ￼ ; the energy density, ￼ . Using ￼  and 

￼ , we get ￼ , that is, the temperature inside the atmosphere as a 

function of  the surface temperature. 

Limb-darkening law: the intensity on the surface is, as we saw earlier, 
￼ . Suppose we observe the solar disk with a 

direction as shown in the figure. Then, for a ray that comes from the 
center, ￼ , and ￼ . Then, taking the ratio 

of  both intensities, ￼ . The center of  the solar disk 

has more intensity than the outside regions. 

Stellar atmospheres: composition 
Absorption spectra: a star emits as a blackbody except for absorption lines, 

produced by absorption of  radiation that passes through the outer layers 
[￼ ]. As stars are composed mainly of  hydrogen, one 
expects that the absorption spectrum would be shaped by that of  H. For 
example, in the visible, we would see the Balmer series, but that doesn't 
happen for all stars. 

Conditions for a strong absorption line: for a transition ￼ , a) the atom 
must be abundant, b) a considerable fraction should have the level ￼  
occupied while the level ￼  not full. In an isolated atom, absorption provokes 
the transition. However, in a star, the kinetic energy is enough to excite 
electrons by itself, or to ionize them (making them unavailable for transitions). 

Occupancy: the probability of  ￼  being occupied is ￼ , where ￼  is the statistical weight 
(how many ways are there to make this energy level). The ratio of  number of  atoms in states ￼  and ￼  is 
￼   (Boltzmann formula). 

Application to hydrogen, visible: Balmer lines happen for ￼ . The degeneracy for hydrogen is 
￼  (number of  ￼  that correspond to the same ￼ ). For the Sun (￼ ), the occupancy 
ratio yields ￼ . So, a very small fraction of  hydrogen atoms are already excited enough to 
begin the transition, and that's why Balmer lines are not very prominent. 

I(τ, μ) = ∫
∞

τ
Se−(τ′￼−τ)/μdt /μ

τ = 0 μ ≥ 0 I(0,μ) = ∫
∞

0
Se−τ′￼/μdτ′￼/μ =

3F
4π ∫

∞

0
(τ′￼+ q)e−τ′￼/μdτ′￼= 3F

4π
(μ + q)

F = 2π∫
1

0
I(0,μ) μdμ ⟹ F =

3F
2 ( 1

3
+

q
2 )

⟹ q = 2/3

S =
3F
4π (τ +

2
3 ) U = 3F /c (τ +

2
3 ) U = (4σ /c)T 4

F = σ T 4
eff T 4 =

3
4

T 4
eff (τ +

2
3 )

I(0,μ) =
3F
4π

(μ + 2/3)

θ = 0 ⟹ μ = 1 I(0,1) =
3F
4π

(5/3)
I(0,μ)
I(0,1)

=
3
5 (μ +

2
3 )

τν(photosphere) ∼ 1

n → m > n
n

m

n Pn ∝ gne−En /(kBT ) gn
m n

Nm

Nn
=

gm

gn
e−(Em−En)/(kBT )

n = 2 → m > n
gn = 2n2 l , ml, ms n T⊙ = 5780 K

N2 /N1 ≈ 5 ⋅ 10−9
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Ionization stages and the Saha equation: {I: neutral; II: singly-ionized, III: 
doubly-ionized, ... r: r-ionized}. Excitation of  atoms is defined as 
discrete states only, but ionization additionally covers continuous states 
for the resulting free electron. Consider an atom in the r-th state of  
ionization in the ground state. We want to take away the next electron 
￼ ; the binding energy is ￼ . After ionization (continuous state), the 
energy of  the electron is ￼ , its momentum is ￼ . The 
(continuous) Boltzmann formula (equil.) gives 
￼ . The degeneracy is computed 

with the Pauli principle: there can be only up to ￼  
electrons in a phase space cell of  volume ￼ . Since an electron occupies a volume of  ￼ , then the 
electron number density ￼ . To integrate in momentum space, we use the same procedure as in 

§Equation of  state of  degenerate matter. We obtain ￼ ,  with ￼ . 

Finally, we remove the constraint of  starting from an atom in the ground state (new subscript 0) by 
using the Boltzmann formula to compare with another initial state ￼ :  ￼ . 
If  we sum over all states, ￼ , we are counting how many ways are there for starting the 
ionization (from the ground state, from the first excited state, etc.), which corresponds to the definition 
of  the partition function. So, the Saha equation for all atom excitations is ￼ . 

Application to hydrogen from I to II: ￼

￼ , but ￼  is small, ￼  is smaller, etc., so, ￼ . For a hydrogen 

atom, the end state of  the ion is a bare proton, so ￼ . Then, ￼ . The ionization 
fraction is defined as ￼ . Using ￼  for the gas, electrons (same T), one finds: solar 
photosphere: given ￼ , then  ￼ ; deep in the sun 
(￼ ) hydrogen is almost fully ionized. 

Stellar spectra: Using this analysis for other elements and even molecules, one can predict the observed 
spectral lines. 

Calculations of  opacity: based on the number of  atoms and electrons in various energy levels 
(Boltzmann distrib.) and various stages of  ionization (Saha eq.), one can in principle compute the 
opacity by computing absorption cross-sections for different processes. Since atomic energy levels can 
be bound (discrete) or free (continuum), absorption of  radiation can be due to three different kinds of  
transitions: bound-bound, bound-free and free-free. The sum of  all cross sections plus the effect of  
stimulated emission gives the absorption coefficient and the opacity. Free-free absorption is the "inverse" 
of  Bremsstrahlung (free-free emission), and it's caused by a free electron gaining energy during a 
collision with an ion by absorbing a photon. 

Kramer's law: with approximations, and for high temperatures (￼ ), opacity goes like 
￼  (bound-free, free-free). Higher temperature ￼  less remaining neutrals ￼  less chances to 
photoionize ￼  low opacity. For low T (below ￼ ), most atoms are in their lowest energy levels. 
Photons don't have enough energy to knock electrons off  the atoms, so not much radiation is absorbed 
and opacity drops as well (=transparency). ￼  Opacity for solar metallicity peaks at ￼  . 

r + 1 −χr
p2 /(2me) ∈ [ p, p + dp]

d nr+1

nr
=

gr+1dg
gr

exp [−( χr + p2 /(2me)]
2d Vd3p /h3 := dg

d3qd3p d V
ne = 1/d V

nr+1

nr
ne =

gr+1

gr
fr(T ) fr(T ) = 2

(2π mekBT )3/2

h3
e−χr /(kBT )

s nr,s /nr,0 = gr,s /gr,0e−(Er,s−Er,0)/(kBT )

nr = ∑s nr,s

nr+1

nr
ne =

Zr+1

Zr
fr(T )

ZI = g1 + ∑
i>1

gie−(Ei−E1)/(kBT ) = g1 (1 + ∑
i>1

gi

g1
e−(Ei−E1)/(kBT ))

= g1 (1 +
N2

N1
+

N3

N1
+ ⋯) N2 /N1 N3 /N1 ZI ≈ g1 = 2

ZII = 1 nII ne /nI = 1/2 fr(T )
x = nII /(nI + nII) P = n k T

Pgas = 105 dyn /cm2, T = 5779 K x = 5 ⋅ 10−5

P ∼ 1012, T ∼ 105

T ≳ 105 K
χ ∝ ρT −7/2 ⟹ ⟹

⟹ ∼ 104 K

∴ T ∼ 105 K
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Thomson scattering and opacity: For very high temperatures (fully ionized gas), Thomson scattering starts 
happening (free electrons scatter photons). The extinction coefficient is ￼  (where ￼  is the Thomson 
cross section, i.e., how the photon sees the electron) and the opacity is then ￼ . The classical 
cross section calculation of  ￼  (electron in a oscillating electric field) depends on frequency and reduces 
to ￼  for very high frequencies. For low frequencies where the electron is tightly bound to an atom 
(behaving like a spring with freq. ￼ ), one gets Rayleigh scattering, ￼  

Solar surface opacity: the solar surface is opaque, but the black body radiation (at ￼ ) doesn't 
have enough energy to ionize H. However, ￼  ions are also formed because the electron doesn't fully 
screen the positive electrostatic force of  the nucleus. Breaking this bond brings the required opacity. 

Stellar structure 
From §Stellar hydrostatics, we know that the first two structure 

equations are ￼  and ￼ . We also can use the 

ideal gas equation of  state, ￼ ; but ￼  (the mass is the mass 
of  one mol times the number of  moles) ￼ . 

Energy transport due to nuclear reactions: consider two spherical shells like in 
the figure, inside a star. Let ￼  be the total energy flux per unit time that 
flows outwards across the shell of  radius ￼ . Then, ￼  is the energy input to the energy flux made by the 
region ￼ . If  ￼  is the rate of  energy generation per unit mass per unit time (by nuclear reactions), 
then, ￼  ￼  (third structure equation). 

Energy transport in radiative zones: ￼ . In a radiative zone, the mean 

free path of  radiation is ￼  [taking Thomson's electron scattering opacity] ￼ . That 
means that radiation behaves like diffusion, and therefore, we can use the diffusion approximation: 

￼ , with the diffusion coefficient ￼ . Therefore, ￼ . 

Using the luminosity (￼ ), we get the energy transfer equation for the radiative regime, 
which is not valid near the atmosphere (￼  § Stellar atmospheres: radiation transport): 
￼ . 

Convection inside stars: a blob of  material of  density ￼ , pressure ￼  is in hydrostatic 
equilibrium with its surroundings, of  same density and pressure. The blob is 
transported adiabatically to another place, where the surrounding density and 
pressure are ￼ , respectively. The blob expands/contracts so it has the same 
pressure than the surroundings, changing its density to ￼ . If  ￼ , the blob will be 
buoyant and continue to move upwards (￼  convection), but if  ￼ , it will return to 
the original position. 

Energy transport in convective zones: Since the convection process is adiabatic, ￼ . Now, 

￼  ￼ . [Binomial expansion] ￼ . We can 

describe the change in the surrounding density field, as well, as ￼ . Using the ideal equation 

neσT σT
χT = neσT /ρ

σT
σT

ω0 σR = σT(ω /ω0)4

T ∼ 6000 K
H−

d Mr

dr
= 4π r2ρ

d P
dr

= −
GMr

r2
ρ

PV = n RT M = μn
⟹ P =

ρ
μ

RT

Lr
r d Lr

[r, r + dr] ε

d Lr = 4π r2dr ⋅ ρ ⋅ ε ⟹
d Lr

dr
= 4π r2ρε

Urad = aT 4 ⟹
dUrad

dr
= 4aT 3 dT

dr
λ = 1/(κ ρ) ≈ 2 cm ≪ R⊙

Frad = − D ∇rUrad D = c /(3κ ρ) Frad,r = −
4ac

3
T 3

κ ρ
dT
dr

Lr = 4π r2Frad,r
→

dT
dr

= −
3

16πac
κ ρL
r2T 3

ρ P

ρ′￼, P′￼
ρ* ρ* < ρ′￼

→ ρ* < ρ′￼

ρ* = ρ(P′￼/P )1/γ

P′￼= P +
d P
dr

Δr ⟹ ρ* = ρ (1 +
1
P

d P
dr

Δr)
1/γ

⟹ ρ* = ρ +
ρ

γP
d P
dr

Δr

ρ′￼= ρ +
dρ
dr

Δr
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of  state [￼ ], we get ￼   ￼ . 

Finally, ￼ , which means that the atmosphere is stable if  

￼ . If  the temperature gradient is only slightly steeper than the critical 

gradient, the typical stellar energy fluxes are obtained. The equation for energy transport in convective 

zones, is, then, ￼ . 

Mass-luminosity relation: order of  magnitude version of  the mass equation: ￼  (1), hydrostatic 

equation: ￼  (2), energy transport equation for radiative zones: ￼  (3) (￼  is the constant 
mass-specific absorption coefficient, or opacity), ideal gas ￼  (4) (￼  is the mean molecular mass, 
[mass]/mol). Let's substitute the density from (1) everywhere. Then, (3) becomes ￼
￼ . To substitute ￼ : (4) becomes ￼  ￼ , but with (2), 
￼ ￼ . Then, we arrive at the mass-luminosity relation, ￼ .  

Proportions and stellar lifetime: then, ￼  and ￼ . From black body radiation, we know that 
￼ . Then, comparing luminosities, ￼  or ￼ . Using this to substitute for mass in the 
mass-luminosity relation, ￼ . A star is powered by nuclear energy, the amount of  which is 
proportional to the mass. The luminosity of  the star is its power output, so 
￼ . Then, the lifetime of  a star is ￼ , which means that more 
massive stars live shorter lives. 

Order of magnitude nuclear fusion 
Proton-proton (PP) chain: (notation: ￼ ) the reaction happens 

in several steps:  
1) ￼   (requires ￼  decay: ￼ ) 
2) ￼  
3) ￼  
overall reaction: ￼  

Time that fusion can power a Sun-like star: Since luminosity is power, ￼ . 

In nuclear fusion of  hydrogen to helium, ￼ , where 
￼  is the number of  4 hydrogen atoms in the star (4 are needed for the reaction to happen) 
and ￼  is the difference in mass between ￼  and ￼  (it corresponds to the binding 
energy released in the nuclear reaction). The percentage of  mass that transforms into energy is 
￼ (sometimes called efficiency). So, ￼  

￼ . This assumes a fully convective star (all H available for 

burning; see §Stellar models); in reality it is only about 10% for a Sun-like star. 

Nuclear potential: Two protons at distances much larger than the nuclear radius repel each other 
(Coulomb potential). However, at distances smaller than a nuclear radius, the potential cannot be the 
Coulomb one (repels nuclei), but it must be attractive: short-range nuclear forces overcome electrostatic 

ρ = P /(RT ) ρ′￼= ρ +
1

RT
d P
dr

Δr −
P
T 2

dT
dr

Δr ⟹ ρ′￼= ρ +
ρ
P

d P
dr

Δr −
ρ
T

dT
dr

Δr

ρ* − ρ′￼= [−(1 −
1
γ ) ρ

P
d P
dr

+
ρ
T

dT
dr ] Δr

dT
dr

< (1 −
1
γ ) T

P
d P
dr

dT
dr

= (1 −
1
γ ) T

P
d P
dr

M
R

∼ R2ρ
P
R

∼
GMρ

R2

T
R

∼
KρL
R2T 3

K

P ∼ ρT /μ μ
T 4 ∼ K L M /R4

⟹ L ∼ T 4R4 /(K M ) T P ∼ M T /(μ R3) ⟹ T ∼ Pμ R3 /M
T ∼ (GM2 /R4) μ R3 /M ∼ Gμ M /R L ∼ G4μ4M3 /K

T ∝ M /R L ∝ M3

L ∝ R2T 4 M3 ∝ M2T 2 M ∝ T 2

L ∝ T 6

L ∝ M /τ τ ∝ M−2

protons
nucleonsElement

1
1H + 1

1H ⟶ 2
1H + e+ + νe β+ p + energy → n + e+ + νe

2
1H + 1

1H ⟶ 3
2He + γ

3
2He + 3

2He ⟶ 4
2He + 21

1H
41

1H ⟶ 4
2He + 2e+ + 2νe + 2γ + kinetic en.

t ∼
Etot
L⊙

Etot = NΔm c2

N = M⊙ /(4mH)
Δm ≈ 25.71 MeV/c2 41

1H
4
2He

ε = Δm /(4mH) ≈ 0.7 % Etot ∼ 0.007M⊙c2 ∼ 1.3 ⋅ 1045 J

⟹ t ∼
1.3 ⋅ 1045 J

3.8 ⋅ 1026 J s−1
∼ 3.3 ⋅ 1018 s ∼ 1011 yr
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forces. At ￼ , this potential should be ￼  (from the mass deficiency), and at around the 
nuclear radius (￼ ), it should become the Coulomb potential, ￼ . 

Temperature required for fusion (classical take): nuclei have to come very close to each other for the reaction 
to happen, so they have to overcome a Coulomb barrier. This implies ￼  has to be of  

the same order of  magnitude as ￼ . Taking ￼  (order of  

magnitude of  the nuclear radius), we get ￼ . The Sun is not hot enough, so something is wrong 
with the classical analysis. Some sort of  quantum tunnelling must occur. 

Temperature for fusion (quantum tunnelling): considering for a proton ￼ , and ￼ , we get 

￼ , where ￼  is the reduced mass (two body 

problem). This has to be equal to ￼ , so we solve for the wavelength ￼ . 

Then, by the equipartition theorem, ￼ ￼ , which is the same order of  

magnitude of  the temperature of  the Sun we estimated in § Order of  magn. approx. 

Relative mass abundances: ￼  is the total hydrogen mass/total mass; ￼  is the total 
helium mass/total mass, and ￼  is the abundance of  "metals", where ￼  is the number 
density. ￼ ; for the Sun, ￼ . 

Recombination: the production of  a hydrogen atom also releases 
energy: ￼ . The photon released has an energy 
of  -ionization, i.e., 13.6 eV. However, nuclear fusion releases way 
more energy (27 MeV). 

CNO cycle: another way to fusion hydrogen to helium, but, 
using carbon, nitrogen and oxygen as catalysts (i.e., the fusion of  
H with isotopes of  N, C and O [+decays] releases helium at some 
point). It requires the previous presence of  N, C and O. 

Binding energy: mass-energy difference between isolated and 
bound components: ￼ , where ￼  is 
the number of  protons, ￼  is the number of  nucleons and ￼  is 
the experimental value of  the mass of  the bound nucleus. The 
values are plotted in the figure (seeing it reflected helps a lot!). For 
elements to the left of  iron, fusion with a proton is energetically 
favorable and the processes are exothermic (except for 
￼ , that are stable). For elements heavier than iron, 
energy has to be invested to create elements even heavier, and 
nuclear fission (radioactive decay) releases energy when heavy elements turn into lighter ones. 

Alpha process/ladder: when H is exhausted from a star, He starts burning and fusing into heavier 
elements (alpha particle = He nucleus). This series of  reactions creates heavier and heavier elements 
until Ni and Fe are reached. 

r = 0 ∼ − 30 MeV
r ≈ 1 fm ∼ + 2e2 /r

kinetic energy ∼
3
2

kBT

Coulomb barrier ∼
2e2

raction
raction ∼ 1 fm

T ∼ 1010 K

p = h /λ raction → λ

kinetic energy =
1
2

μv2 =
p2

2μ
=

h2

2μλ2
μ = m 2

p /(2mp) = mp /2

Coulomb barrier ∼
2e2

λ
λ ∼

h2

2e2μ
3
2

kBT =
h2

2μλ2
⟹ T ∼ 107 K

X = nH mH /ρ Y = nHemHe /ρ
Z = n≥Li⟨m⟩≥Li /ρ n

X + Y + Z = 1 X = 0.7, Y = 0.28, Z = 0.02

1
1H

+ + e− ⟶ 1
1H + γ

Eb = [Z̄ mp + (Ā − Z̄ )mn − mnuc]c2 Z̄
Ā mnuc

4He, 12C, 16O
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Stellar evolution 
Main seq., lower mass stars (￼ ): they are PP-chain-driven. Radiation is sufficient to transport 

energy in the interior ￼  no convective core. Radiation is inefficient near the surface (lower 
temperature in surf. ￼  greater opacity, see §Stellar Atmospheres: composition) ￼  they have convection in the 
outer layers. The convection zone is bigger (i.e., its bottom moves downwards) if  the mass of  the star is 
smaller, up to ￼ , when it reaches the core and the star becomes fully convective (the theoretical 
limit is the Hayashi limit). A fully convective star has almost all its hydrogen available for burning, since 
it is continually reaching the core thanks to the big convective zone. 

Main seq., Sun-like to high mass stars (￼ ): they follow mainly the CNO cycle, which requires 
high temperatures. Radiation cannot transport energy fast enough in the core, so, a temperature 
gradient builds up and induces convection in the core ￼  convective core. Massive stars have radiative 
envelopes, but in the most massive stars, the core is so big that they can become fully convective. 

Later phases, low mass stars (￼ ): 

Spectral type: during hydrogen burning, the internal composition changes (mainly from H to 
He), but the surface composition (that determines the spectral type) does not. 

Hydrogen shell burning: when the hydrogen is exhausted, the star core composed of  helium 
surrounded by a shell of  hydrogen. Temperatures and pressures can be high enough to cause 
hydrogen fusion in the hydrogen shell (and higher than in the main sequence). During this 
process, some of  this extra energy expands the envelope, so it cools down and the star becomes 
luminous, large and cool: a red giant. 

Helium core burning: after that, the helium core begins to collapse until ￼ , 
￼ , when helium starts burning according to 

￼ 	 (triple alpha process: alpha + (2 alpha ￼  Be) ￼  C ) 

Be-8 decays quickly, so it has to react quickly with another alpha particle to produce C-12. 
Then, C-12 can also fuse with another alpha particle to produce O-16. 

Helium shell burning and planetary nebulae: After that, the star burns hydrogen in an outer shell, 
burns He in an inner shell, and contains a C/O core. During this phase, the high energy inside 
not only expands, but expels parts of  the atmosphere (stellar winds) at rates of  ￼  
￼  most of  the mass is lost after 10 000 yr, and forms a planetary nebula that expands at rates 
of  ￼ . 

Time scales for a solar-mass star: H-core burning (main sequence): ￼ . H-shell burning 
(red giant): ￼ . He-core burning (horizontal branch): ￼ . He-shell burning 
(asymptotic giant branch): ￼ . Planetary nebula formation:￼ . End result: white 
dwarf. 

Later phases, massive stars (￼ ): all previous phases minus planetary nebulae. Instead, a set of  
reactions called collectively silicon burning takes place. 

Carbon-alpha-oxygen burning (￼ ): 

M ≲ 1.2M⊙
⟹

⟹ ∴

∼ 0.4M⊙

M ≳ 1.2M⊙

⟹

M ≲ 8M⊙

ρ ∼ 107 kg/m3

T ∼ 108 K
4
2He + 4

2He ⇌ 8
4Be

8
4Be + 4

2He → 12
6 C

→ →

·M ∼ 10−4 M⊙ /yr
⟹

∼ [10,30] km /s

∼ 1010 yr
∼ 109 yr ∼ 108 yr

∼ 107 yr ∼ 104 yr

M ≳ 8M⊙

T ≳ 108 K
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￼  	 (C + alpha ￼  O;  O + alpha ￼  Ne) 

Carbon-carbon burning (￼ ): 

￼  

Oxygen-oxygen burning (￼ ): 

￼  

Silicon-alpha-burning (￼ ) 

￼ 	 (Si + alpha ￼  S;  S + alpha ￼  Ar, etc.) 

... until 

￼ 	 (Cr + alpha ￼  Fe; Fe + alpha ￼  Ni) 

where the process becomes endothermic. Photons possess enough energy to destroy heavy 
nuclei; this is photodisintegration (e.g., Fe + ￼  ￼  13 alpha + 4 n, or alpha ￼  2 p + 2 n). 

Timescales for a ￼  star: H-core burning: ￼ ; He-core burning: ￼ ; C-core 
burning: 500 yr; Si-burning: 1 day. After that: (type II) supernova explosion, compact object. 

Supernova explosions 
Timescale for core collapse: from the hydrostatic equilibrium analysis, we get for the non-equilibrium 

case, ￼ , where the acceleration is only radial. If  we turn the pressure off  

suddenly, we get a free fall collapse. Then, ￼ . Now, we can approximate crudely, ￼ . 

For a stellar core with ￼  and ￼  (core ￼  size of  the Earth), ￼ . 

Energy released: during the collapse of  the core, the gravitational energy released is approx. the 
difference between the initial and final states of  the star: ￼ , 
and ￼  ￼ , most of  which is carried out by the 
neutrinos of  the inverse beta decay during neutronization. The kinetic energy released is of  the order 
of  ￼ , and the energy carried out by photons, of  the order of  ￼ . The peak brightness of  a 
supernova is of  around ￼ . 

Elements beyond iron: in a neutron-rich environment, an atomic nucleus can capture a neutron; this 
neutron then undergoes beta decay (the captured neutron becomes a proton and releases an electron + 

12
6 C + 4

2He → 16
8 O + γ

16
8 O + 4

2He → 20
10Ne + γ

→ →

T ≳ 6 ⋅ 108 K

12
6 C + 12

6 C →

16
8 O + 2 4

2He, 23
12Mg + n

20
10Ne + 2 4

2He, 24
12Mg + γ

23
11Na + p

T ≳ 109 K

16
8 O + 16

8 O →

24
12Mg + 2 4

2He, 31
16S + n

28
14Si + 2 4

2He, 32
16S + γ

31
15P + p

T ≳ 3 ⋅ 109 K
28
14Si + 4

2He ⇌ 32
16S + γ

32
16S + 4

2He ⇌ 36
18Ar + γ

→ →

48
24Cr + 4

2He ⇌ 52
26Fe + γ

52
26Fe + 4

2He ⇌ 56
28Ni + γ

→ →

γ → →

25M⊙ 5 ⋅ 106 yr 5 ⋅ 105 yr

d M
d2r
d t2

= − d P −
GM
r2

d M
d2r
d t2

= −
GM
r2

R
τ2
ff

∼
GM
R2

M ≈ M⊙ R ≈ 6 ⋅ 106 m ∼ τff ∼ 1 s

Ubefore = − GM2
⊙ /(6 ⋅ 106 m) ∼ − 4 ⋅ 1043 J

Uafter = − GM2
⊙ /(104 m) ∼ − 4 ⋅ 1043 J ⟹ ΔU ∼ 1046J

1044 J 1042 J
109 L⊙
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neutrino), leaving the nucleus with 1 proton more than before. There are two processes that involve 
these reactions: if  neutrons are captured more rapidly than beta decay can eliminate them, heavy 
neutron-rich elements build up rapidly (r-process); on the contrary, heavy elements build up slowly (s-
process). 

Supernova classification: based on spectral lines, not physical mechanisms. Basic: type I (with hydrogen) 
and type II (no hydrogen). Type Ia supernovas are caused by the detonation of  a white dwarf  by 
accretion (from a donor star). The rest (type Ib, Ic, II) are core-collapse supernovas. 

Type Ia: the core mass of  a white dwarf  exceeds the Chandrasekhar limit because of  accretion from 
a donor star. All type I supernovae share a similar rate of  decline of  their brightness after their peak. 
This can be explained by the half-life of  ￼  decay from ￼  to ￼  (￼ ). The total number of  
atoms present with time is ￼ . From the energy given to the supernova by the reaction, it 
can be estimated that the magnitude (or change or the logarithm of  luminosity with time) decays at a 
rate of  ￼ , the rate that is observed after 50 days in a type Ia supernova. This is why they 
are used as standard candles. 

Type II: isolated stars. Highly dependent on the mass of  the star (mass-energy available) and 
metallicity (how effective is radiation pressure: more metals means more opaque media where radiation 
pressure produces more force). Photodesintegration of  nuclei by radiation and neutronization reduce 
radiation support at the core of  the star, rapid triggering gravitational core collapse (see estimation of  
timescale above ￼  speeds of  up to ￼  for the outer core). The outer core collapses 
supersonically, but the inner core collapses subsonically. When nuclear densities (￼ ) are 
reached at the inner core, the nuclear force (residual strong interaction) repels the infalling material, 
halting the collapse. 

Type II: rebound: Then, the outer material rebounds and a pressure shock wave propagates outwards. 
The material ejection process is not fully understood, but it could involve neutrinos being trapped by 
the fast increase of  density in the inner core. Neutrinos diffuse outwards through the outer core and 
their interactions (neutrino transport) may push the material outwards until they reach the 
"neutrinosphere" (low density threshold), beyond which they can escape without further interaction. At 
the boundary of  the outer core, there is still a Si burning shell. 

Pair-creation instability: in very massive cores, gamma rays can create electron-positron pairs 
instead of  being used for radiation pressure. This lowers radiation pressure and triggers 

β 56
27Co 56

27Fe τ = 77.7 d
N(t) = N0e−ln(2)t/τ

∼ 0.01 mag/d

⟹ 70 000 km /s
∼ 1014 g /cm3
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The black regions mean no SN shock is launched.
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collapse. Then, oxygen is ignited explosively and mass is lost from the core, even leaving no 
remnant behind. For this massive cores, it is assumed the mass lost by stellar winds during the 
main sequence is small, which means low metallicity (￼ low opacity ￼ low radiation pressure 
that drives the wind). 

Fate of  the most massive stars: in the diagram of  the supernova types, for the most massive stars 
in the less-than-solar metallicity regime, the direct formation of  a black hole means that no 
supernova shock is launched, and so, there is only very faint or no supernova explosion 
observed. 

Star formation 
Self-gravity of  a sphere of  mass ￼ , radius ￼  with uniform density ￼ : the potential energy of  a 

particle of  mass ￼  outside a sphere of  radius ￼ , mass ￼  is ￼  (￼  spherical symmetry/
shell theorem/Gauss's law for Newtonian gravity). If  instead of  a particle, we have a spherical shell of  
same density and thickness ￼ , located just at the surface of  the inner sphere, ￼  (￼  
integrating ￼  along ￼ ). Now, ￼ . In order to get the full self-gravity 

potential, we integrate: ￼ . 

Consider a spherical cloud of  mass ￼ . The average molecule mass is ￼  and number density ￼ . 

Typical numbers: ￼ , ￼ , ￼ , ￼ . 

Radius: the density of  the cloud is ￼ , and ￼ . ￼ . Typical numbers 

￼  (for lowest ￼ ;￼  for highest ￼ ). 

Virial temperature: the virial theorem states that ￼ . We omit the brackets. The kinetic 
energy is ￼ . The potential energy of  a self  gravitating uniform sphere is

￼ . Substituting in the virial theorem, we get the virial temperature ￼ . If  

￼ , we should have collapse (￼  dominates). Typical numbers ￼ , so ￼ . 

Jeans density and mass: if  the virial theorem doesn't apply (collapse), we can calculate the change in 

energy. ￼  (minus: collapse); ￼  

and then, ￼ . The term inside the parenthesis should be less 

than zero for collapse ￼ , the Jeans mass. This mass also determines a density 

￼ , which for the typical numbers is ￼ , lower than the 

typical observed number density. This means that the Jeans mass is a necessary but not sufficient 
condition for collapse. 

Fragmentation: suppose a quasi-uniform cloud, containing some areas with more density than the rest 
(lumps), of  ￼  ￼ , bigger than the density of  the lump itself; so that the lump can't 

⟹ ⟹

M R ρ = 3M /(4π R3)
d m r Mr dU = − GMrd m /r ←

dr d m = 4π r2ρdr ←
d m = ρd V θ, ϕ Mr = 4π r3ρ /3 = Mr3 /R3

U = − 4π G∫
R

0
Mr ρr dr = ⋯ = −

3
5

GM2

R

M m̄ n

M ≈ 1000M⊙ m̄ ≈ 2mp n ∼ [108, 1010] m−3 T ≈ 20 K

ρ =
3M

4π R3
n = ρ /m̄ ⟹ R3 =

3M
4π n m̄

⟹ R ∼ 1016 m ∼ 1 ly n ∼ 0.1 ly n

2⟨K ⟩ + ⟨U ⟩ = 0
K =

3
2

N kBT =
3
2

M
m̄

kBT

U = −
3
5

GM2

R
Tvir =

GMm̄
5kBR

T < Tvir U ⟹ Tvir ∼ [60,270] K T < Tvir

dU = −
dU
d R

d R = −
3
5

GM2

R2
d R d K = d W = pd V = n kBT4π R2d R =

3MkBT
m̄ R

d R

d E = dU + d K = (−
3GM2

5R2
+

3MkBT
m̄ R ) d R

⟹ M >
5kBTR

G m̄

ρ >
3

4π M2 ( 5kBT
G m̄ )

3

:= ρJ nJ = ρJ /m̄ ≈ 4 ⋅ 106 m−3

M ∼ M⊙ ⟹ nJ ∼ 1012 m−3
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collapse. However, as the cloud as a whole collapses, the lump reaches ￼  and collapses on its own. 
This is a fragment. 

Free-fall timescale: ￼ , lowest ￼ ; ￼  for 
highest ￼ . 

Gas cooling: collapse ￼  higher kinetic energy ￼  higher temperature ￼  higher pressure; this 
pressure tends to halt collapse. In order to continue the collapse, the cloud needs mechanisms to get rid 
of  energy (cooling). Some mechanisms: a) energy breaks (dissociates) ￼  molecules (4.5 eV/molecule); b) 
atoms get ionized (H ioniz.: 13.6 eV/atom); c) electrons in atoms get excited (without ionizing them), 
this energy is emitted as light and escapes if  the gas is optically thin; d) molecules can get to 
vibrational/rotational modes and then decay and emit light as well. So, if  collapse is happening at this 
stage, the temperature can be regarded as constant and the process is isothermal. 

Cooling efficiency: cooling luminosity is quantified as ￼  (dependencies: the more volume, 
the more energy; ￼  because of  collisions [2 particles]), ￼  is the cooling function. The cooling efficiency is 
defined as ￼ , and if  ￼ , the cooling is efficient and the freefall timescale 
holds, but if  ￼ , the gas has to wait until sufficiently cold to continue collapsing. The cooling 
function depends on the specific cooling processes of  the system. For the typical numbers of  a star-
forming cloud, ￼ , which translates to ￼  therefore freefall timescales hold, 
and the cooling process that dominates is molecular rotation (￼  is not enough for hydrogen 
dissociation, ionization or even excitation of  electrons). 

Protostar: when the gas becomes so dense that the mean free path for light becomes smaller than the 
size of  the cloud, radiation is scattered or reabsorbed before escaping and the region becomes opaque. 
Energy cannot escape and the process becomes adiabatic. Then, the system begins to behave like a 
blackbody and a protostar is formed. Gravitational energy is converted into radiation, and the collapse 
is slowed down. The timescale for collapse is ￼ , with ￼ , that is, for a star like the 
Sun, ￼ . This timescale is called thermal or Kelvin-Helmholtz timescale. 

Eddington luminosity: radiation pressure can be a collapse-halting agent. Given a luminosity ￼ , the 
energy flux is ￼ ; ￼ . Since a photon carries energy ￼ , the 
photon flux (number of  photons/area-time) is ￼ . If  we multiply this by the Thomson cross 
section ￼  ("area of  one electron as seen by e.m. radiation"), we will have the number of  photons/time 
that interact with a given electron: ￼ . Each photon carries momentum ￼ , so the force 

perceived by an electron is is ￼ . Gravity is more significant on protons, 

since they are more massive, so, ￼ . If  both forces are equal (consider a portion of  gas), 

we get ￼ , the Eddington luminosity, which is the maximum luminosity for a star with a 

given mass. Examples: a) the Sun has much lower luminosity than the Eddington value, so, radiation 
pressure is not important; b) an O star of  ￼  and ￼  has a ratio ￼ , so radiation 
pressure is not negligible. 

Other factors that prevent collapse: external heating, turbulence (it's hard to get rid of  turbulent kinetic 
energy), magnetic field (due to magnetic tension). 

n > nJ

tff ∼ R3 /(GM ) ∼ (Gρ)−1/2 ∼ 8 ⋅ 1013 s ∼ 3 ⋅ 106 yr n ∼ 250 000 yr
n

⟹ ⟹ ⟹

H2

Lcool = Vn2Λ
n2 Λ

εcool = Lcool /(d K /dt) εcool ≳ 1
εcool ≪ 1

Λ ∼ 10−42 J m3 s−1 εcool ∼ [2,13]
T ∼ 20 K

t = ΔU /L⋆ ΔU = GM2
⋆ /R⋆

∼ 107 yr

L
L /(4π r2) 𝒟[energy flux] = 𝒟[energy]/(L2T ) h ν

L /(4π r2h ν)
σT

L σT /(4π r2h ν) h ν /c

Flight =
h ν
c

⋅
L σT

4π r2h ν
=

2e4L
3m2

e c5r2

Fgrav = GMmp /r2

LE =
3GMmpm2

e c5

2e4

60M⊙ 8 ⋅ 105L⊙ L /LE = 0.4
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