
Cross-section for electron 

absorption in a constant magnetic 

field

Problem description

An electron travels inside a region with constant magnetic field. At some moment in time, the electron 

and a photon interact and the electron absorbs the photon. Calculate the cross section for the process.

Theory

Description of the process

According to Landau’s QED, §80, the Feynman diagram for such a process is a one-vertex one:

p

k

p '

t

In a vacuum, this kind of process would not exist, because the conservation of 4-momentum requires 

k = p ' - p, but in the vacuum, k
2

= 0, since k = I Ω -k M. However, in an external field, k
2

¹ 0: the field 

posess energy.

Solution of the Dirac Field Equations

Now, we follow the discussion and calculations for the solution of the Dirac equation proposed in ArX-

iv:0705.4275v2.

The Dirac equation for a particle of mass m and charge e is given by

i

¶ Ψ

¶ t

= HB Ψ,    where   HB = Α × P + Βm

For a constant magnetic field of strength B, one can fixate the potential as:

(1)A
t

B = A
y

B = A
z

B = 0, A
x

B = -y B
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For the stationary states, one can make the ansatz

Y = e
-i E t

Φ

Χ

And the dirac equation reduces to

(2)IΑ × P + ΒmM Y = E Y

Let’s solve this equation symbolically using Mathematica. En is E, the energy. First, we define the Α and 

Β matrices:

In[1]:= Α1 = K
0 Σ1

Σ1 0
O;

In[2]:= Α2 = K
0 Σ2

Σ2 0
O;

In[3]:= Α3 = K
0 Σ3

Σ3 0
O;

In[4]:= Β = K
1 0

0 -1
O;

Now, we define the spatial part of the solution: ΨHr
Ó

L =
ΦHr

Ó
L

ΧHr
Ó

L

In[5]:= Ψ@x_, y_, z_D := K
Φ@x, y, zD
Χ@x, y, zD

O

Since the entries in all matrices and vectors are in general matrices, we need to use NonConmutative�

Multiply or ** as the operation for handling multiplications, and the general Inner for handling the inner 

product of matrices and vectors.

In[6]:= Unprotect@NonCommutativeMultiplyD

Out[6]= 8NonCommutativeMultiply<

In[7]:= NonCommutativeMultiply@0, x_D := 0

In[8]:= NonCommutativeMultiply@x_, 0D := 0

In[9]:= NonCommutativeMultiply@-1, x_D := -x

In[10]:= NonCommutativeMultiply@1, x_D := x

In[11]:= Protect@NonCommutativeMultiplyD

Out[11]= 8NonCommutativeMultiply<

(Abbreviation)

In[12]:= ncm@x_, y_D := NonCommutativeMultiply@x, yD;

Due to the magnetic field, we replace P �
Ñc

ä
Ñ -e A.

Now, we perform all the calculations using the equation (2):
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In[13]:= Dirac = En * Ψ@x, y, zD � InnerBncm, Α1,

Ñ * c

I

* D@Ψ@x, y, zD, xD - e * A1 * Ψ@x, y, zDF +

InnerBncm, Α2,

Ñ * c

I

* D@Ψ@x, y, zD, yDF +

InnerBncm, Α3,

Ñ * c

I

* D@Ψ@x, y, zD, zDF + m * c
2

Inner@ncm, Β, Ψ@x, y, zDD

Out[13]= 88En Φ@x, y, zD<, 8En Χ@x, y, zD<< �

99Σ1 ** I-e A1 Χ@x, y, zD - ä c Ñ Χ
H1,0,0L@x, y, zDM + Σ2 ** I-ä c Ñ Χ

H0,1,0L@x, y, zDM +

Σ3 ** I-ä c Ñ Χ
H0,0,1L@x, y, zDM + c

2
m Φ@x, y, zD=,

9Σ1 ** I-e A1 Φ@x, y, zD - ä c Ñ Φ
H1,0,0L@x, y, zDM + Σ2 ** I-ä c Ñ Φ

H0,1,0L@x, y, zDM +

Σ3 ** I-ä c Ñ Φ
H0,0,1L@x, y, zDM - c

2
m Χ@x, y, zD==

In[14]:= Dirac �� TraditionalForm

Out[14]//TraditionalForm=

En ΦHx, y, zL

En ΧHx, y, zL
�

m ΦHx, y, zL c
2 + Σ1 ** I-e A1 ΧHx, y, zL - ä c Ñ ΧH1,0,0LHx, y, zLM + Σ2 ** I-ä c Ñ ΧH0,1,0LHx, y, zLM + Σ3 ** I-ä

-m ΧHx, y, zL c
2 + Σ1 ** I-e A1 ΦHx, y, zL - ä c Ñ ΦH1,0,0LHx, y, zLM + Σ2 ** I-ä c Ñ ΦH0,1,0LHx, y, zLM + Σ3 ** I-

We now eliminate Χ, by taking the second equation and isulating the terms with Φ:

In[15]:= Expr1 = Σ1 * H-e A1 - ä c Ñ DxL + Σ2 * I-ä c Ñ DyM + Σ3 * H-ä c Ñ DzL

Out[15]= H-e A1 - ä c Ñ DxL Σ1 - ä c Ñ Dy Σ2 - ä c Ñ Dz Σ3

To make the elimination easier, we notice that Expr1 is just Σ × P, and it is the same as the first equa-

tion, except applying to Χ.

So, HEn + mL Χ = @Expr1D Φ, and substituting into the first equation, it gives us

(3)

eqr

IEn
2

- m
2M = @Expr1D2

Φ

so we have to calculate Expr1
2
, using the property of Pauli matrices that says 

IΣ ×aM JΣ ×bN = a ×b + i Σ ×a´b

In[16]:= Momentum = -I Ñ c 8Dx, Dy, Dz< - 8A1, 0, 0<

Out[16]= 8-ä c Dx Ñ - A1, -ä c Dy Ñ, -ä c Dz Ñ<

To use the formula, one has to calculate the product P � P, which is not zero, since we are treating with 

operators.

One can show that J-iÑc Ñ -e AN � J-iÑc Ñ -e AN = HiÑ c eL Ñ � A, by simply applying it to a test function and 

expanding. And, since Ñ � A = B

In[17]:= crossP = -I Ñ c e B * 80, 0, 1<

Out[17]= 80, 0, -ä B c e Ñ<

So, the property of Pauli matrices yields, which is the right side of the equation (3)

In[18]:= Sq = Dot@Momentum, MomentumD + 8Σ1, Σ2, Σ3<.crossP �� Expand

Out[18]= -c
2

Dx
2

Ñ
2

- c
2

Dy
2

Ñ
2

- c
2

Dz
2

Ñ
2

+ 2 ä c Dx Ñ A1 + A1

2
- ä B c e Ñ Σ3
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Now, we make the ansatz

In[19]:= Σ3 = PauliMatrix@3D;

Φ@x_, y_, z_D := Exp@I * Hpx * x + pz * zLD * K
F@yD

0
O

Substituting, we build the equation

In[21]:= Expr4 = Im * c
2

- EnM Φ@x, y, zD + B
2

y
2

Φ@x, y, zD -

2 ä B c y Ñ ¶x Φ@x, y, zD - c
2

D@Φ@x, y, zD, 8x, 2<D Ñ
2

-

c
2

D@Φ@x, y, zD, 8y, 2<D Ñ
2

- c
2

D@Φ@x, y, zD, 8z, 2<D Ñ
2

- ä B c e Ñ Σ3.Φ@x, y, zD

Out[21]= 99ã
ä Hpx x+pz zL I-En + c

2
mM F@yD + B

2
ã

ä Hpx x+pz zL
y

2
F@yD -

ä B c e ã
ä Hpx x+pz zL

Ñ F@yD + 2 B c ã
ä Hpx x+pz zL

px y Ñ F@yD + c
2

ã
ä Hpx x+pz zL

px
2

Ñ
2

F@yD +

c
2

ã
ä Hpx x+pz zL

pz
2

Ñ
2

F@yD - c
2

ã
ä Hpx x+pz zL

Ñ
2

F
¢¢@yD=, 80<=

In[22]:= Expr4 � K
0

0
O �� Simplify �� TraditionalForm

Out[22]//TraditionalForm=

-ãä Hpx x+pz zL Ic2
F

¢¢HyL Ñ
2 + I-IIpx

2 + pz
2M Ñ

2 + mM c
2 + ä B He + 2 ä px yL Ñ c - B

2
y

2 + EnM FHyLM

0
�

0

0

Now we use DSolve for finding the solution to the differencial equation

In[23]:= DSolveA

-ã
ä Hpx x+pz zL IIEn - B

2
y

2
+ ä B c He + 2 ä px yL Ñ - c

2 Im + Ipx
2

+ pz
2M Ñ

2MM F@yD + c
2

Ñ
2

F
¢¢@yDM �

0, F@yD, yE �� TraditionalForm

Out[23]//TraditionalForm=

::FHyL ® c1 D -pz
2

Ñ
2

c
2-m c

2-B Ñ c+ä B e Ñ c+En

2 B c Ñ

2 c Ñ px

B

+
2 B y

c Ñ

+

c2 D pz
2

Ñ
2

c
2+m c

2-B Ñ c-ä B e Ñ c-En

2 B c Ñ

ä
2 c Ñ px

B

+
2 B y

c Ñ

>>

Scattering matrix

There may be several approaches to find the components of the scattering matrix. One of them is to 

use directly the perturbative hamiltonian HI and then apply the time-dependent perturbative theory to 

first order to get the result for the scattering matrix. However, the theoretical machinery exposed in 

Greiner, p. 235, is more interesting to follow, since it leads to the second quantization of the field solu-

tions and to the quantization of the electromagnetic field.

Taking the solution as written in ArXiv:0705.4275v2,

In[24]:= uf@px_, pz_, Ξ_D :=

in-1@ΞD
0

pz � Hen + mL * in-1@ΞD
-Sqrt@2 * n * e * BD � Hen + mL * in@ΞD

where inHΞL = Nn e
-Ξ

2�2
HnHΞL, Nn =

e Q B

n! 2
n

Π
, and Ξ = e  Q¤ B Jy +

px

eQB
N
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In[25]:= Assump = 99px, pz, p'
z
, p'

x
, kx, ky, kz, m, en, t, x, y, z, Ω, n,

e, B, in@ΞD, in-1@ΞD, in@Ξ'D, in-1@Ξ'D= Î Reals, B > 0, e > 0, n > 0=;

In[26]:= u = uf@px, pz, ΞD

Out[26]= :8i-1+n@ΞD<, 80<, :
pz i-1+n@ΞD

m + en

>, :-
2 B e n in@ΞD

m + en

>>

In[27]:= u = Transpose@uf@p'
x
, p'

z
, Ξ'DD

Out[27]= ::i-1+n@Ξ
¢D, 0,

p
¢
z

i-1+n@Ξ¢D

m + en

, -
2 B e n in@Ξ¢D

m + en

>>

Definition of the Gamma matrices

In[28]:= Γ0 =

1 0 0 0

0 1 0 0

0 0 -1 0

0 0 0 -1

;

In[29]:= Γ1 = -

0 0 0 1

0 0 1 0

0 -1 0 0

-1 0 0 0

;

In[30]:= Γ2 = -

0 0 0 -I

0 0 I 0

0 I 0 0

-I 0 0 0

;

In[31]:= Γ3 = -

0 0 1 0

0 0 0 -1

-1 0 0 0

0 1 0 0

;

Let’s build the S matrix according to what is exposed in Greiner.

Sf i = [p ' s ' S
` H1L

p s, k Λ_

where

S
` H1L

= -i e à d
4

x : Ψ
`

HxL ΓΜ Ψ
`

HxL A
` Μ

HxL :

and we are promoting the fields to operators. Now,

p s, k Λ\ = b
` +

p s a
` +

k Λ 0^ 

Zp ' s ' = Z0 b
`

p' s'

substituting, we have

Sf i = [0 b
`

p' s' S
` H1L

b
` +

p s a
` +

k Λ 0_

and, substituting S
` H1L

,

Sf i =[0 b
`

p' s'H-i e L à d
4

x : Ψ
` H+L

HxL ΓΜ Ψ
` H-L

HxL A
` ΜH-L

HxL : b
` +

p s a
` +

k Λ 0_

Now, let’s substitute the operator fields for:

Ψ
` H+L

= á
d

3
p1

H2 ΠL3�2

m

Ep1

ÚΣ1
b
` +

p1 Σ1
uHp1, Σ1L e

+i p1×x

Ψ
` H-L

= á
d

3
p2

H2 ΠL3�2

m

Ep2

ÚΣ2
b
`

p2 Σ2
uHp2, Σ2L e

-i p2×x

A
`

Μ

H-L
= à

d
3

k

H2 ΠL3
2 Ωk

Ú
L
a
`

k L Ε
ΜHk, LL e

-i k×x

and we obtain

Sf i = [0 b
`

p' s'H-i e L

á d
4

x : á
d

3
p1

H2 ΠL3�2

m

Ep1

ÚΣ1
b
` +

p1 Σ1
uHp1, Σ1L e

+i p1×x
ΓΜ á

d
3

p2

H2 ΠL3�2

m

Ep2

ÚΣ2
b
`

p2 Σ2
uHp2, Σ2L e

-i p2×x

à
d

3
k

H2 ΠL3
2 Ωk

Ú
L
a
`

k L Ε
ΜHk, LL e

-i k×x
: b

` +

p s a
` +

k Λ 0_

interchanging the order of the integral and sum signs, and observing the order of vectors and matrices, 

we arrive at:

Sf i = á d
4

x
m

Ep1

m

Ep2

H-i e L à
d

3
p1

H2 ΠL3�2 à
d

3
p2

H2 ΠL3�2 à
d

3
k

H2 ΠL3
2 Ωk

ÚΣ1
ÚΣ2

Ú
L
e

+i p1×x-i p2×x-i k×x

Z0 b
`

p' s' : b
` +

p1 Σ1
b
`

p2 Σ2
a
`

k L : b
` +

p s a
` +

k Λ 0^ uHp1, Σ1L ΓΜ uHp2, Σ2L Ε
ΜHk, LL

using the commutation rules for these operators, we obtain dirac deltas and Kronecker deltas, that 

cancel the sum and integral signs, and put the appropriate indexes to the following expression:

Sf i = ∆ Hp - p ' - kL u Hp ', s 'L ΓΜ u Hp, sL Ε
Μ Hk ΛL × H-i eL m

Ep

m

Ep'
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Sf i =[0 b
`

p' s'H-i e L à d
4

x : Ψ
` H+L

HxL ΓΜ Ψ
` H-L

HxL A
` ΜH-L

HxL : b
` +

p s a
` +

k Λ 0_

Now, let’s substitute the operator fields for:

Ψ
` H+L

= á
d

3
p1

H2 ΠL3�2

m

Ep1

ÚΣ1
b
` +

p1 Σ1
uHp1, Σ1L e

+i p1×x

Ψ
` H-L

= á
d

3
p2

H2 ΠL3�2

m

Ep2

ÚΣ2
b
`

p2 Σ2
uHp2, Σ2L e

-i p2×x

A
`

Μ

H-L
= à

d
3

k

H2 ΠL3
2 Ωk

Ú
L
a
`

k L Ε
ΜHk, LL e

-i k×x

and we obtain

Sf i = [0 b
`

p' s'H-i e L

á d
4

x : á
d

3
p1

H2 ΠL3�2

m

Ep1

ÚΣ1
b
` +

p1 Σ1
uHp1, Σ1L e

+i p1×x
ΓΜ á

d
3

p2

H2 ΠL3�2

m

Ep2

ÚΣ2
b
`

p2 Σ2
uHp2, Σ2L e

-i p2×x

à
d

3
k

H2 ΠL3
2 Ωk

Ú
L
a
`

k L Ε
ΜHk, LL e

-i k×x
: b

` +

p s a
` +

k Λ 0_

interchanging the order of the integral and sum signs, and observing the order of vectors and matrices, 

we arrive at:

Sf i = á d
4

x
m

Ep1

m

Ep2

H-i e L à
d

3
p1

H2 ΠL3�2 à
d

3
p2

H2 ΠL3�2 à
d

3
k

H2 ΠL3
2 Ωk

ÚΣ1
ÚΣ2

Ú
L
e

+i p1×x-i p2×x-i k×x

Z0 b
`

p' s' : b
` +

p1 Σ1
b
`

p2 Σ2
a
`

k L : b
` +

p s a
` +

k Λ 0^ uHp1, Σ1L ΓΜ uHp2, Σ2L Ε
ΜHk, LL

using the commutation rules for these operators, we obtain dirac deltas and Kronecker deltas, that 

cancel the sum and integral signs, and put the appropriate indexes to the following expression:

Sf i = ∆ Hp - p ' - kL u Hp ', s 'L ΓΜ u Hp, sL Ε
Μ Hk ΛL × H-i eL m

Ep

m

Ep'

Now, to an actual problem. Let’s define the polarization vector. In this case, let’s consider a plane wave, 

such that polarization would be e = H 1 0 0 0 Lt
. The function polariz[Μ_] defines the Μ component of e.

In[32]:= polariz@Μ_D := Switch@Μ, 0, 1, 1, 0, 2, 0, 3, 0D

In[33]:= A@Μ_D := Sqrt@4 * PiD * polariz@ΜD * ExpA-I * I-Ω * t + kx * x + ky * y + kz * zME

Calculation of Sf i

In[34]:= Sfi = Simplify@u.Γ0.u * A@0D + u.Γ1.u * A@1D + u.Γ2.u * A@2D + u.Γ3.u * A@3D, AssumpD

Out[34]= ::
1

Hm + enL2

2 ã
ä Ht Ω-x kx-y ky-z kzL

Π IIm
2

+ 2 m en + en

2
- pz p

¢

z
M i-1+n@ΞD i-1+n@Ξ

¢D - 2 B e n in@ΞD in@Ξ
¢DM>>

For the cross section, we need the square of this quantity:

In[35]:= Sfi2 = Norm@SfiD^2;
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In[36]:= Simplify@Sfi2, AssumpD �� TraditionalForm

Out[36]//TraditionalForm=

4 Π Iin-1HΞL in-1HΞ¢L I2 m en + e
n

2 + m
2 - pz p

¢
z
M - 2 B e n inHΞL inHΞ¢LM2

Hen + mL4

Which is proportional to the scattering cross section.
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