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Cross-section for electron
absorption in a constant magnetic
field

Problem description

An electron travels inside a region with constant magnetic field. At some moment in time, the electron

and a photon interact and the electron absorbs the photon. Calculate the cross section for the process.

Theory

Description of the process

According to Landau’s QED, 880, the Feynman diagram for such a process is a one-vertex one:

In a vacuum, this kind of process would not exist, because the conservation of 4-momentum requires
k=p'-p, butin the vacuum, k?=0, since k= ( -k ). However, in an external field, k? # 0: the field

posess energy.

Solution of the Dirac Field Equations
Now, we follow the discussion and calculations for the solution of the Dirac equation proposed in ArX-
iv:0705.4275v2.

The Dirac equation for a particle of mass m and charge e is given by

0 R
[ —wzHBw, where Hg=a-I1+ 8m
ot

For a constant magnetic field of strength B, one can fixate the potential as:

Alg=Ag=A%3=0, Ag=-yB

@
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For the stationary states, one can make the ansatz
- Et( ¢ )
X

And the dirac equation reduces to

(@Ti+pm)¥=EY 2
Let’s solve this equation symbolically using Mathematica. En is E, the energy. First, we define the a and
B matrices:
_ 0 o1\ .
Inf1]= &g = (0_1 0 ) >
o ( 0 o ) .
In2l= 0 = o> 0 >

0 o3\ .
In3l= A3 = (0_3 0 ),

£l

1 0
In[4]:= B = ( )

0 -1
, : U ()
Now, we define the spatial part of the solution: ¥(r) = i
x(

o[X, Y, Z] )

In[5]:= lﬁ[X_, y_, Z—] == (X[X Yy Z]

Since the entries in all matrices and vectors are in general matrices, we need to use NonConmutative™.
Multiply or == as the operation for handling multiplications, and the general Inner for handling the inner
product of matrices and vectors.

ner= Unprotect[NonCommutativeMultiply]
oursl= {NonConmmut ati veMul tiply}

n7:= NonCommutativeMultiply[0, x_] =0
ner= NonCommutativeMultiply[x_, 0] :=0
ngr= NonCommutativeMultiply[-1, x_] = -X
o= NonCommutativeMultiply[1l, x_] =X
1= Protect[NonCommutativeMultiply]

oui= {NonCommut ati veMul ti ply}

(Abbreviation)

npz= NCMIX_, Y_]1 = NonCommutativeMultiply[Xx, y];
Due to the magnetic field, we replace T1— h‘—c V-eA.

Now, we perform all the calculations using the equation (2):
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hxcC

npa= DIrac = Enx ¢ [X, Y, Z] = Inner[ncm, a, *D[Y[X, VY, z],X]-exA1x¥y[X, VY, z]] +

hAxcC

1
hAxcC

1
Out[13]= {{En(b[xl yv Z}}v {EnX[Xv y! Z]} ==
[{or+x (~e A x[X, y, 2] —ichx™2%[x, y, z]) + oo+ (-ichx'
0L x, y, z]) +c®mo(x, y, 2]},
{orex (oA o, y, 21 -iche® PO (x, y, 2]) +opux (-ichd O TV (x, y, 2])
)
[

Inner[ncm,az, *D[Y[X, Y, Z],y]]+

Inner[ncm, as, *D[Y[X, VY, 2], z]] +M % C2 Inner[ncm, B, ¥[X, Y, Z]]

01O [y, y, z]) +

O3 ** (—J'lChX(

ogx+ (-1cno @M [x,y, z]) -c?mx[x, y, 2]}}

npa= Dirac // TraditionalForm
Out[14]//TraditionalForm=
[ End(x, v, 2) ) [ M@(X, ¥, 2) € + oy 5 (€A1 x(X, Y, 2 — i ¢t YOO, y, 2)) + 0 s (—i € Y OLO(X, y, 2)) + 03 o (—

Enx(x Y, 2 —Mx(X, Y, D+ 0y (—eALd(X, Y, 2) —i ChpLOO(X, Y, 2)) + 0 55 (=i €T FOLO(X, Y, 2)) + 05 5 (-

We now eliminate y, by taking the second equation and isulating the terms with ¢:

nsi- EXprl=op# (- Ay ~2iChADx) +op% (-2 CADy) +03% (-iChD,)

Out[15]= (7eA17]'le’1Dx) Olfleflq/O'zflef'lDZO3
To make the elimination easier, we notice that Expr1 is just @ -1, and it is the same as the first equa-
tion, except applying to y.
So, (En+m) y = [Exprl] ¢, and substituting into the first equation, it gives us

eqr

(En” - m?) = [Expri]® ¢ ©)
so we have to calculate Exprlz, using the property of Pauli matrices that says
(¢3)(¢-b)=a-b +i7-axb

6= Momentum = -14ac {Dx, Dy, Dz} - {A;, O, 0}

oufiel- {-icDxh-A, -icDyh, -i1icDzh}
To use the formula, one has to calculate the product TTxTI, which is not zero, since we are treating with
operators.
One can show that (—ith—e K)x(—ihc V-e K) =(ihce)V xﬂ, by simply applying it to a test function and
expanding. And, since V xA =B

mi7= crossP = -1aceBx {0, 0, 1}

oupi7= {0, 0, -1 Bc e h}
So, the property of Pauli matrices yields, which is the right side of the equation (3)

ner= S = Dot[Momentum, Momentum] + {o1, 02, 03}-CrossP // Expand

oupi- -C2Dx? A2 -c?Dy?n?-c?Dz?n?+2icDxhA +A2-iBcehos
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Now, we make the ansatz

o= o3 = PauliMatrix[3];

OIX_,Y_ 2 ] :=EXp[l * (PX*X+pPZ*2Z)] * (F[Oy] )

Substituting, we build the equation

neu- Expra = (m=c?-En) ¢[x, y, 2] + B2y?&[x, Yy, 2] -
2iBcyhoxd[X,y, z] -c*D[¢[X, Y, z], {X, 2}] A® -
c?D[o[X, Y, z], {Y, 2}]1 B*-C®D[$[X, Y, 2], {Z, 2}1 A®-iBcehos.4[X, Y, Z]
ou {{e PXXP22) (LEn . c?m) Fly] + B2 e P22 y2Fly] -
iBcee! PXXP22) pF[y] +2Bce! PXXP22) pxy A F[y] +c? el PXXP22) px2 n2 Fly] +
c2 gt (PXX+p22) p22h2 Fly] _ 2 gl (Pxx+pz22) 52 Fly] }, {0}}

2= EXpra == (8) // Simplify // TraditionalForm
Out[22]//TraditionalForm=
[ —e! PP (2 B (y) 12 + (—((px? + pz?) h2 + m) 2 + i B(e + 2i pxy) hic — B2y? + En) F(y)) ] B ( o]
0 —\o

Now we use DSolve for finding the solution to the differencial equation

In[23]:= DSoIve[
—et PePz2) ((En-B?y?+iBc (e+2ipxy) A-c? (m+ (px?+pz?) 1%)) Fly] +c® A’ F'[y]) =
0, FIyl, y] // TraditionalForm

Out[23]//TraditionalForm=

{{F(Y) -C D—pzznzcz—mcz—thn‘BenmEn

2Bch

VEVeVEimx VIVEY
( w ﬁﬁ]+
(VENE VI px VEVEY

[[ e ﬁﬁ]]}}

CZ D pz? 12 2+mc?-B#hc-i Beh c-En
2Bch

Scattering matrix

There may be several approaches to find the components of the scattering matrix. One of them is to
use directly the perturbative hamiltonian H, and then apply the time-dependent perturbative theory to
first order to get the result for the scattering matrix. However, the theoretical machinery exposed in
Greiner, p. 235, is more interesting to follow, since it leads to the second quantization of the field solu-
tions and to the quantization of the electromagnetic field.

Taking the solution as written in ArXiv:0705.4275v2,

in-l[‘f]
0
Pz / (en+m) % in_1[€]
-Sqrt[2x«nxexB]/ (en+m) » i[E]

where in(¢) = N, e /2 Hy (@), an(ﬁ]’ and £='e[QIB (y+
n2"vn

na= UF[pX_, pz_, § 1 ==

)

v eQ



prob-Bon-QFT-F.nb 5

In[25]:= Assump = {{st pZy p.zy p.xy kX’ ky, kZ, m’ en7 t! X’ ys Z! ll), ns
e, B, in[€], in1[€], in[€7], in1[£7]} eReals, B>0, e>0,n>0};

In[26]:= u-= Uf[pxs pzs §]

pziflm[@]} {_ﬁvBen inl[&]

out[26]= {{i,1+n[§]}, {0}, { e ms e H

n7i= U = Transpose [uF[p™,, p",, §"1]

_ o Pziaale) V2 /Beniglg]
out27]= {{I “1.n €], 0, v }}
m+ e m+ €p

Definition of the Gamma matrices

10 O O
01 0 O
In[28]:= Yo = 00 -1 O »
00 0 -1
0O 0 01
0 0 10/
n29]:= Y1 = = 0 -100/|"
-1 0 0O
0O 00 -1
0O 01 0.
In[30]:= Y2 = = O 10 0O >
-1 00 O
0 01 O
0 00 -1/.
In[31]:= ¥3 = = 100 O »
0 10 0

Let’s build the S matrix according to what is exposed in Greiner.
~(1
Sfi =<p'SI |S( : |pS, kl>

where
~(1)

S = —iefd“x :E(x)yﬂ o)A (%) :

and we are promoting the fields to operators. Now,
A+ ~

s, k)=bpsa"1 |0)

<plsl | :<0 | Bp'S‘
substituting, we have

~ A() A+ Ay
sfi=<o|bp.s-s b sd |o>

oA

and, substituting S

~ . =+ ~(=) Au=) At A
Sfi=<0|bp|s-(—|e)fd4x W)Y A" x):b ps@ k1 ‘0>

Now, let’s substitute the operator fields for:
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~(+) a3, m st B .
v :f(Zn)3/2 En Y0 pyo U, o) €TP

~(=) d°p }
' f(Zn)sz/z Z0’2 p202 u(pz, o2)€” P2

A _f Y A ek, A)eT kX
. V222w

and we obtain

Sri=(0|Bpst-ie)

4, . d*py m nt — +i pr-X d*p, m n —i parx
f d¥x: f 2n A By 2D o UPL o) €Ty [ omen 2 2 Dpyo, UP2, 02) €

ILZ ay 5 €'(k, A)e kX b psé+k,\‘0>

V(2 71)3 2 wy
interchanging the order of the integral and sum signs, and observing the order of vectors and matrices,
we arrive at:

4y } ’ d”ps d*p, d3k +i pyox—i porx—i k-x
fd En (-ie )f(z %2 f(2ﬂ)3/2 f\/37 20'120—221\6
2n)° 2wy

p'S" P10 sz'zak/\ b psa k1| >U(p1:0'1)7’pu(pz, o2) €'k, A)

using the commutation rules for these operators, we obtain dirac deltas and Kronecker deltas, that
cancel the sum and integral signs, and put the appropriate indexes to the following expression:

SHi=6(P-p' -k TP, s)y,uP,s)e kl-(-ie) | Eﬂp / E%

Now, to an actual problem. Let’s define the polarization vector. In this case, let’s consider a plane wave,
such that polarization would be@=(1 0 0 0)'. The function polariz[u_] defines the u component of €.

nz2r= polariz[u_] := Switch[u, 0, 1,1, 0,2, 0, 3, 0]
na= A[p_] = Sqrt[4 = Pi] xpolariz[u] *EXp[—I* (-w*t+kx*x+ky*y+kz*z)]
Calculation of Ss;

npay= SFE = SIMplIFYy[U.yo-U*A[0] +U.y1-U*xA[1l] +U.y2-UxA[2] +U.y3-UxA[3], Assump]

1
Out[34]= {{

(m+ep)?
2! tuxkeylyzk) [ ((nf+2meq+ €3 -p, P’y ) i an[€] 1 1 [€] -2Benin[&] in[é'])}}

For the cross section, we need the square of this quantity:

Sfi2 = Norm[Sfi]"2;

In[35]
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nze= SImpliFy [SFi2, Assump] // TraditionalForm

Out[36]//TraditionalForm=
47 (in-2(8) in-1(&") (2men + & + 1P - p; P'y) - 2Benin(@) (@)’
(€n+m)*

Which is proportional to the scattering cross section.
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