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Dirac equation in a constant magnetic field

We follow the discussion and calculations for the solution of the Dirac equation in a constant magnetic
field proposed in [1].

The Dirac equation for a particle of mass m and charge e is given by

oY o
i—=Hgy, where Hg=a-Il+pm
ot

For a constant magnetic field of strength B, one can fixate the potential as:
Alg=A’g=A%3=0, A‘g=-yB ()

For the stationary states, one can make the ansatz

voete(?)
X

And the dirac equation reduces to
(@-T1+Bm)¥=E ¥ 2)

Let's solve this equation symbolically using Mathematica. En is E, the energy. First, we define the a and
S matrices:
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Now, we define the spatial part of the solution: y(r) = )
x(r
L[ ®IX, Y, Z]
WIX_,y_,2z_] := (X[x, Y, Z] )

Since the entries in all matrices and vectors are in general matrices, we need to use NonConmutative™.
Multiply or =x as the operation for handling multiplications, and the general Inner for handling the inner
product of matrices and vectors.
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Unprotect [NonCommutativeMultiply]
{NonConmut at i veMul ti ply}
NonCommutativeMultiply[0, x_] =0
NonCommutativeMultiply[x_, 0] :=0
NonCommutativeMultiply[-1, x_] = -X
NonCommutativeMultiply[l, x_] 2= X
Protect[NonCommutativeMultiply]

{NonConmut at i veMul ti ply}

(Abbreviation)
ncmix_, y 1 :=NonCommutativeMultiply[X, y];
Due to the magnetic field, we replace T1— ht—c V-eA.

Now, we perform all the calculations using the equation (2):

hxcC

Dirac = Enx y[X, y, z] == Inner[ncm, ag, *D[Y[X, VY, 2], X] -exA1*x¥y[X, VY, z]] +

hxcC

1
hxcC

[
{({Eno[X, ¥y, 21}, {Enx[X, Yy, z]}} =
{{or#x (~eALx[X, ¥y, Z] —ichx®®9
0%V x, y, z]) +c®mo[x, y, z]},
fopsx (-eALO[X, Yy, Z]-icho™ OV (x, y, z]) +opxx (-icho @O (X, y, z]) +
)
[

Inner[ncm,az, *D[Y[X, Y, Z],y]]+

Inner[ncm, as, *D[¢¥y[X, Y, 2], z]] +Mx C? Inner[ncm, B, ¥[X, Y, Z]]

X, ¥, z]) +op s (-icax@PO(x, y, z]) +

O3 * % (*jCﬁX(

ogxx (-icno @M [x,y, z]) -c?mx[x, y, z]}}

Dirac // TraditionalForm

( Eng(x, Y, 2) ) M@(X, ¥, 2) €2 + oy 5 (€ Ay x(X, Y, 2 — i ¢t y10O(X, y, 2)) + 0 sex (=i € ) OLO(X, y, 2)) + o3 o (-
Enx(X, ¥,2) | —-my(x y, 2 G+ oy #+ (—eALd(X Y, 2 —ichpMO0(X, y, 2)) + 0 w5 (i CH P OMO(X, Y, 2)) + 05 5 (-

We now eliminate y, by taking the second equation and isulating the terms with ¢:
EXprl=o; % (-€A; -iChDy) +oo% (-iChADy) +o3% (-1 CAD,)

(—eAl—]lCﬁDx)Ol—iChq/Uz—]'lCﬁDzOg,

To make the elimination easier, we notice that Expr1 is just &-I1, and it is the same as the first equa-
tion, except applying to y.
So, (En+m) y = [Exprl] ¢, and substituting into the first equation, it gives us

(En2 - m2) = [Exprl]® ¢ ®3)

so we have to calculate Expr12, using the property of Pauli matrices that says
(¢3)(c-b) =a-b+i7-axb
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Momentum = -1 4ac {Dx, Dy, Dz} - {A1, O, O}

{(-icDxh-Ay, -icDyh, -icDzh}

To use the formula, one has to calculate the product TIxII, which is not zero, since we are treating with
operators.

One can show that (—ihc V-e K)x(—ihc V-e K) =(ihce)V xﬂ, by simply applying it to a test function and
expanding. And, since VxA =B

crossP=-1aceB=« {0, 0, 1}

{0, 0, -1iBcen}

So, the property of Pauli matrices yields, which is the right side of the equation (3)

Sq = Dot[Momentum, Momentum] + {o1, 02, 03} -CrossP // Expand
—c?Dx?n?-c?Dy?n?-c?Dz?hn?+2icDxhaA +A2-iBcehos

Now, we make the ansatz

o3 = PauliMatrix[3];

OIX_,Y_,2Z 1 :=EXp[l * (PX*X+PZxZ)] * (F[Oy] )

Substituting, we build the equation

Exprd = (m»c®-En) ¢[X, Yy, z] + B®y*¢[X, Yy, Z] -
2iBCcyhnoxd[X, Y, z]1 -c*DIS[X, ¥, 2], {X, 2}] B -
c®DIo[X, Y, z], {Y, 2}1 &*-c®DI$[X, ¥, 21, {Z, 2}] A’ -iBceh oz-4[X, Y, Z]
{{ei (pPX X+pz z) (—EI"I+C2 m) Fly] + B2 et (PXX+pz2) y2 Fly] -
iBcee! PXX*P22) nE[y] +2Bce! PXX*P22) pxy nF[y] +c? el PXX*P22) px2 n2 Fly] +
CZ ej (PX X+pz Z) pZZ hz F[y} —CZ ejl (PX X+pz 2) hz F”[y] }, {0}}

Expr4 == (8) // Simplify // TraditionalForm

[—e"(p”*m) (F"(y) 72 + (—((px® + pz?) % + m) ¢ + i B (e + 2i px y) i c — B? y? + En) F(y)) ] _(O]
0 ~\o

Solution to this equation: parabolic cylindrical functions

IBe En 2 B px B2 y2
wsi= FTULY] + |- ((px®+pz® ) A% +m) /A% + + - P y- 4 Fly] =
ﬁc ﬁ2C2 hZCZ hZCZ

En 2Bpxy B?y?2 iBe -m-h? (px?+pz?)
- + +

FFy) =
CZ ﬁz C2 hz CZ hz CcC h hz

outsl= F[Y]

Let's define now
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IBe En
+
AC ﬁZCZ

nel= o = —((px2+pz2 ) h2+m)/h2+

En iBe -m-hn? (DX2+DZZ )
Out[6]= + +
C2 hz c h hz

2 B px

n?c?
2 Bpx

c?n?
2= equation = F [yl + (a+BY +6Y?) Fy] =

En  2Bpxy B’y2 iBe -m-h? (px?+pz?)
- - + +

ouf1z= Fy]
C2 hz CZ hz CZ 2‘;12 Ch 2‘;12

Now we use DSolve for finding the solution to the differencial equation

npz= DSolve[equation , F[y], y] // TraditionalForm

Out[13]//TraditionalForm=

{{F(y) - C Di(ipxzhzczﬂ'mcz-npzzﬁz @+iBhc+Ben c—i pxi—i En)

2Bch

I VIVEy
[ﬁﬁﬁ+ﬁﬁ%
( VT VEVEy

{”(ﬁﬁvf Ve Vi ]]}}

Parabolic Cylinder Functions

CZ Dpx2 72 2+mc2+pz2 #? c2-Bhc-i Behc-px?~En
2Bch

Now we follow the definition of these functions D that is described in [2]

PPy =

The parabolic cylinder functions, D,(y) are defined as the solutions to the differential equa-

tion
dD
—+(v+ i lyZ)D:O
that is an standard form of the more general equation
dF(y) ,
+(a/+,3y + 0y )F(y):O
dy

i ey
Veveva  VeVn
v o pxPhc?+mc?+pz2h? c>-Bhc-iBehc—px° - E

In this case, for example, y —»
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Quantization and Connection to Other Functions

In [2], section 12.7 the relation to Hermite polynomials is formulated:
1.2
Dp(y) = 272 ez Hn(y/\/?) , iffn=0,1,2, ..
So, this provides a way to quantize the energy and momentum, as noted in the eq. 17 of [1].

Final solution

The solution proposed in [1] is

in—l[f]
0

Pz / (en+m) % in_1[€]
-Sqrt[2+nxe*B] / (ey+m) % i,[€]

where iy(é) = Ny €772 Hy(), Nn=( o J and ¢£=+elQIB (y+ =)

n2" vV eQB

uf[px_, pz_, €] :=
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