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Dirac equation in a constant magnetic field

We follow the discussion and calculations for the solution of the Dirac equation in a constant magnetic 

field proposed in [1].

The Dirac equation for a particle of mass m and charge e is given by

i

¶ Ψ

¶ t

= HB Ψ,    where   HB = Α × P + Βm

For a constant magnetic field of strength B, one can fixate the potential as:

(1)A
t

B = A
y

B = A
z

B = 0, A
x

B = -y B

For the stationary states, one can make the ansatz

Y = e
-i E t

Φ

Χ

And the dirac equation reduces to

(2)IΑ × P + ΒmM Y = E Y

Let’s solve this equation symbolically using Mathematica. En is E, the energy. First, we define the Α and 

Β matrices:

Α1 = K
0 Σ1

Σ1 0
O;

Α2 = K
0 Σ2

Σ2 0
O;

Α3 = K
0 Σ3

Σ3 0
O;

Β = K
1 0

0 -1
O;

Now, we define the spatial part of the solution: ΨHr
Ó

L =
ΦHr

Ó
L

ΧHr
Ó

L

Ψ@x_, y_, z_D := K
Φ@x, y, zD
Χ@x, y, zD

O

Since the entries in all matrices and vectors are in general matrices, we need to use NonConmutative�

Multiply or ** as the operation for handling multiplications, and the general Inner for handling the inner 

product of matrices and vectors.



Unprotect@NonCommutativeMultiplyD

8NonCommutativeMultiply<

NonCommutativeMultiply@0, x_D := 0

NonCommutativeMultiply@x_, 0D := 0

NonCommutativeMultiply@-1, x_D := -x

NonCommutativeMultiply@1, x_D := x

Protect@NonCommutativeMultiplyD

8NonCommutativeMultiply<

(Abbreviation)

ncm@x_, y_D := NonCommutativeMultiply@x, yD;

Due to the magnetic field, we replace P �
Ñc

ä
Ñ -e A.

Now, we perform all the calculations using the equation (2):

Dirac = En * Ψ@x, y, zD � InnerBncm, Α1,

Ñ * c

I

* D@Ψ@x, y, zD, xD - e * A1 * Ψ@x, y, zDF +

InnerBncm, Α2,

Ñ * c

I

* D@Ψ@x, y, zD, yDF +

InnerBncm, Α3,

Ñ * c

I

* D@Ψ@x, y, zD, zDF + m * c
2

Inner@ncm, Β, Ψ@x, y, zDD

88En Φ@x, y, zD<, 8En Χ@x, y, zD<< �

99Σ1 ** I-e A1 Χ@x, y, zD - ä c Ñ Χ
H1,0,0L@x, y, zDM + Σ2 ** I-ä c Ñ Χ

H0,1,0L@x, y, zDM +

Σ3 ** I-ä c Ñ Χ
H0,0,1L@x, y, zDM + c

2
m Φ@x, y, zD=,

9Σ1 ** I-e A1 Φ@x, y, zD - ä c Ñ Φ
H1,0,0L@x, y, zDM + Σ2 ** I-ä c Ñ Φ

H0,1,0L@x, y, zDM +

Σ3 ** I-ä c Ñ Φ
H0,0,1L@x, y, zDM - c

2
m Χ@x, y, zD==

Dirac �� TraditionalForm

En ΦHx, y, zL

En ΧHx, y, zL
�

m ΦHx, y, zL c
2 + Σ1 ** I-e A1 ΧHx, y, zL - ä c Ñ ΧH1,0,0LHx, y, zLM + Σ2 ** I-ä c Ñ ΧH0,1,0LHx, y, zLM + Σ3 ** I-ä

-m ΧHx, y, zL c
2 + Σ1 ** I-e A1 ΦHx, y, zL - ä c Ñ ΦH1,0,0LHx, y, zLM + Σ2 ** I-ä c Ñ ΦH0,1,0LHx, y, zLM + Σ3 ** I-

We now eliminate Χ, by taking the second equation and isulating the terms with Φ:

Expr1 = Σ1 * H-e A1 - ä c Ñ DxL + Σ2 * I-ä c Ñ DyM + Σ3 * H-ä c Ñ DzL

H-e A1 - ä c Ñ DxL Σ1 - ä c Ñ Dy Σ2 - ä c Ñ Dz Σ3

To make the elimination easier, we notice that Expr1 is just Σ × P, and it is the same as the first equa-

tion, except applying to Χ.

So, HEn + mL Χ = @Expr1D Φ, and substituting into the first equation, it gives us

(3)IEn
2

- m
2M = @Expr1D2

Φ

so we have to calculate Expr1
2
, using the property of Pauli matrices that says 

IΣ ×aM JΣ ×bN = a ×b + i Σ ×a´b
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Momentum = -I Ñ c 8Dx, Dy, Dz< - 8A1, 0, 0<

8-ä c Dx Ñ - A1, -ä c Dy Ñ, -ä c Dz Ñ<

To use the formula, one has to calculate the product P � P, which is not zero, since we are treating with 

operators.

One can show that J-iÑc Ñ -e AN � J-iÑc Ñ -e AN = HiÑ c eL Ñ � A, by simply applying it to a test function and 

expanding. And, since Ñ � A = B

crossP = -I Ñ c e B * 80, 0, 1<

80, 0, -ä B c e Ñ<

So, the property of Pauli matrices yields, which is the right side of the equation (3)

Sq = Dot@Momentum, MomentumD + 8Σ1, Σ2, Σ3<.crossP �� Expand

-c
2

Dx
2

Ñ
2

- c
2

Dy
2

Ñ
2

- c
2

Dz
2

Ñ
2

+ 2 ä c Dx Ñ A1 + A1

2
- ä B c e Ñ Σ3

Now, we make the ansatz

Σ3 = PauliMatrix@3D;

Φ@x_, y_, z_D := Exp@I * Hpx * x + pz * zLD * K
F@yD

0
O

Substituting, we build the equation

Expr4 = Im * c
2

- EnM Φ@x, y, zD + B
2

y
2

Φ@x, y, zD -

2 ä B c y Ñ ¶x Φ@x, y, zD - c
2

D@Φ@x, y, zD, 8x, 2<D Ñ
2

-

c
2

D@Φ@x, y, zD, 8y, 2<D Ñ
2

- c
2

D@Φ@x, y, zD, 8z, 2<D Ñ
2

- ä B c e Ñ Σ3.Φ@x, y, zD

99ã
ä Hpx x+pz zL I-En + c

2
mM F@yD + B

2
ã

ä Hpx x+pz zL
y

2
F@yD -

ä B c e ã
ä Hpx x+pz zL

Ñ F@yD + 2 B c ã
ä Hpx x+pz zL

px y Ñ F@yD + c
2

ã
ä Hpx x+pz zL

px
2

Ñ
2

F@yD +

c
2

ã
ä Hpx x+pz zL

pz
2

Ñ
2

F@yD - c
2

ã
ä Hpx x+pz zL

Ñ
2

F
¢¢@yD=, 80<=

Expr4 � K
0

0
O �� Simplify �� TraditionalForm

-ãä Hpx x+pz zL Ic2
F

¢¢HyL Ñ
2 + I-IIpx

2 + pz
2M Ñ

2 + mM c
2 + ä B He + 2 ä px yL Ñ c - B

2
y

2 + EnM FHyLM

0
�

0

0

Solution to this equation: parabolic cylindrical functions

In[5]:= F''@yD + -IIpx
2

+ pz
2 M Ñ

2
+ mM � Ñ

2
+

I B e

Ñ c

+
En

Ñ
2

c
2

-
2 B px

Ñ
2

c
2

y -
B

2
y

2

Ñ
2

c
2

F@yD � 0

Out[5]= F@yD
En

c
2

Ñ
2

-
2 B px y

c
2

Ñ
2

-
B

2
y

2

c
2

Ñ
2

+
ä B e

c Ñ

+

-m - Ñ
2 Ipx

2 + pz
2 M

Ñ
2

+ F
¢¢@yD � 0

Let’s define now 
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In[6]:= Α = -IIpx
2

+ pz
2 M Ñ

2
+ mM � Ñ

2
+

I B e

Ñ c

+
En

Ñ
2

c
2

Out[6]=

En

c
2

Ñ
2

+
ä B e

c Ñ

+

-m - Ñ
2 Ipx

2 + pz
2 M

Ñ
2

In[9]:= Β = -
2 B px

Ñ
2

c
2

Out[9]= -
2 B px

c
2

Ñ
2

In[10]:= ∆ =
-B

2

Ñ
2

c
2

Out[10]= -
B

2

c
2

Ñ
2

In[12]:= equation = F''@yD + IΑ + Β y + ∆ y
2M F@yD � 0

Out[12]= F@yD
En

c
2

Ñ
2

-
2 B px y

c
2

Ñ
2

-
B

2
y

2

c
2

Ñ
2

+
ä B e

c Ñ

+

-m - Ñ
2 Ipx

2 + pz
2 M

Ñ
2

+ F
¢¢@yD � 0

Now we use DSolve for finding the solution to the differencial equation

In[13]:= DSolve@equation , F@yD, yD �� TraditionalForm

Out[13]//TraditionalForm=

::FHyL ® c1 D ä Iä px
2

Ñ
2

c
2+ä m c

2+ä pz
2

Ñ
2

c
2+ä B Ñ c+B e Ñ c-ä px

2-ä EnM

2 B c Ñ

2 px

B c Ñ

+
2 B y

c Ñ

+

c2 D px
2

Ñ
2

c
2+m c

2+pz
2

Ñ
2

c
2-B Ñ c-ä B e Ñ c-px

2-En

2 B c Ñ

ä
2 px

B c Ñ

+
2 B y

c Ñ

>>

Parabolic Cylinder Functions

Now we follow the definition of these functions D that is described in [2]

The parabolic cylinder functions, DΝHyL are defined as the solutions to the differential equa-

tion

â D

â y

+ JΝ +
1

2
-

1

4
y

2N D = 0

that is an standard form of the more general equation

â FHyL

â y

+ IΑ + Β y + ∆ y
2M FHyL = 0

In this case, for example, y ®
2 px

B c Ñ

+
2 B y

c Ñ

 and 

Ν ® px
2

Ñ
2

c
2

+ m c
2

+ pz
2

Ñ
2

c
2

- B Ñ c - ä B e Ñ c - px
2

- E
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Quantization and Connection to Other Functions

In [2], section 12.7 the relation to Hermite polynomials is formulated:

DnHyL = 2
-n�2

e

1

4
y

2

HnJy � 2 N ,     iff n = 0, 1, 2, ...

So, this provides a way to quantize the energy and momentum, as noted in the eq. 17 of [1]. 

Final solution

The solution proposed in [1] is

uf@px_, pz_, Ξ_D :=

in-1@ΞD
0

pz � Hen + mL * in-1@ΞD
-Sqrt@2 * n * e * BD � Hen + mL * in@ΞD

where inHΞL = Nn e
-Ξ

2�2
HnHΞL, Nn =

e Q B

n! 2
n

Π
, and Ξ = e  Q¤ B Jy +

px

eQB
N
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