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	 	 Spherical harmonics 
 
Problem: Find all the spherical harmonics for 
 
Solution: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Problem: Write the functions 
 
 
in terms of the spherical harmonics. 
 
 
 
 
 
 
 
 
 
 
 
 

l1

Fromthe definition we knowthat lleqmleql
Thismeans weneed

l1m101

Plmleftxrightleft1rightmleft1x2rightm2fracdmdxmPlleftxrightP11leftcosthetarightsinthetafracddleftcosthetarightcosthetasinthetaThen

Y11leftthetavarphirightproptoP11leftcosthetarighteivarphi
normalization

sqrtfrac2l14picdotfracleftlmrightleftlmrightsqrtfrac34pifrac02sqrtfrac38pi
sqrtfrac38pisinthetaeivarphi

P10leftcosthetarightP1leftcosthetarightcostheta
Y10leftthetavarphirightproptoP10leftcosthetarighte0
normalization sqrtfrac34pifrac11sqrtfrac34pi

sqrtfrac34picostheta

Y11leftthetavarphirightproptoP11leftcosthetarighteivarphi
we knowthat Ylmleft1rightmoverlineYlm

overlineY11sqrtfrac38pisinthetaeivarphi

comesfromproperti
ofassocLegendreand anbeshownby
Rodrigues'sformula

fleftthetarightcostheta 1 gleftthetarightsintheta

fleftthetarightis the Legendrepolynomial P1leftcosthetarightcostheta
We tryby inspection

with l0 m0

Y00leftthetavarphirightproptoP0leftcosthetarighte01X for fleftthetaright
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with e1 m101
farfleftthetarightY10leftthetavarphirightproptocostheta

Y11leftthetavarphirightproptosinthetax
8o fleftthetarightleftsqrtfrac4pi3rightsqrtfrac34picosthetasqrtfrac4pi3Y10leftthetavarphiright

coeff

Forhigherorder e sph harmonics and m0 we get a higherorder
Legendre polynomial byorthogonality e1 won't work
Forhigherorder l and mneq0 nonewill work
because oftheqdependency eima

for gleftthetaright we seethat

Y10leftthetavarphirightproptocostheta x

Y11leftthetavarphirightproptosinthetaeivarphi
x

Y11leftthetavarphirightproptosinthetaeivarphi x

Then thismeans we must expand in this case as

gleftthetarightsum_l0inftysum_mllglmYlmleftthetavarphiright
but we know that noneof the mneq0 will work
becausethereis no p dependency Thismeans

gleftthetarightsum_l0inftygl0Yl0leftthetavarphiright
whichis equivalent to theproblem of expanding
sino as a Series ofLeg polyn eval on cos

theta that is

sinthetasum_l0inftywidetildeglPlleftcosthetaright
Notehowdifferent thesolutionbecomes by just rotating
thecoordinate theta Forsolvingproblems one shouldexploit
thesymmetries so thatthe solution is as simple aspossible
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Problem: Show that 
 
 
 
 
	 Part I: first we show that 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Plmleftxrightleft1rightmfracleftlmrightleftlmrightPlmleftxright
Leibnizdiffrule

fracdndxnleftfgrightsum_k0nleftbeginmatrixnkendmatrixrightfracdnkfdxnkfracdkgdxk
leftbeginmatrixnkendmatrixrightfracnleftn1rightleftn2rightldotsleftnk1rightk
fracnkleftnkright

fracdlmdxlmleftx21rightlfracleftlmrightleftlmrightleftx21rightmfracdlmdxlmleftx21rightl
Firstwe write

leftx21rightlleftx1rightlleftx1rightl
Now we use Leibnizrule

fracdpdxpleftxnrightnleftn1right ilceils
leftharpoondown

vese
n
s leftp1rightxnp

fracnleftnprightxnpcdotfracdlmdxlmleftx1rightlleftx1rightlsum_k0lmfracleftxmrightkleftlmkrightfracdlmkleftx1rightldxk
sum_k0lmfracleftlmrightkleftlmkrightfraclleftx1rightmkleftllmkrightfraclleftx1rightlkleftlkright

fracdlmdxlmleftx1rightlleftx1rightlsum_k0lmfracleftlmrightkleftlmkrightfracdlmkdxlmkleftx1rightlfracdkdxkleftx1rightl but lmkleql but kleql

sum_kmlfracleftlmrightkleftlmkrightfracdlmkdxlmkleftx1rightlfracdkdxkleftx1rightl
RightarrowKgeqm

let jkm When kmRightarrowj0
klRightarrowjlm

Rightarrowkjmsum_j0lmfracleftlmrightleftjmrightleftlmjmrightfracdljdxljleftx1rightlfracdjmdxjmleftx1rightl
irightarrowkappa

sum_k0lmfracleftlmrightleftkmrightleftlkrightfraclleftllkrightleftx1rightkfraclleftlkmrightleftx1rightlk
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	 Part II: Now we start with the Rodrigues's formula for 
 

Comparing

sum_k0lmfracleftlmrightkleftlmkrightfraclleftx1rightmkleftllmkrightfraclleftx1rightlkleftlkright
sum_k0lmfracleftlmrightleftkmrightleftlkrightfraclleftllkrightleftx1rightkfraclleftlkmrightleftx1rightlkm

we see that

fracleftlmrightleftlmrightleftx1rightmleftx1rightm
whichverifiestheexpression

PemleftxrightPlmleftxrightfracleft1rightm2llleft1x2rightm2fracdlmleftx21rightldxlm
fracleft1rightm2llleft1x2rightm2fracleftlmrightleftlmrightleftx21rightmfracdlmdxlmleftx21rightlleft1rightmleft1x2rightm

RightarrowPlmleftxrightfracleft1rightm2llleft1rightmleft1x2rightm2fracleftlmrightleftlmrightfracdlmdxlmleftx21rightlPlmleftxrightleft1rightmfracleftlmrightleftlmrightPlmleftxright


