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    	 	 Legendre polynomials 
 
Problem: show the normalization of the Legendre polynomials. 
 
Solution method I:  using the recursion formula. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Solution method II: using the generating function. 
 
The generating function is 
 
 
We now square it and integrate over       on both sides in order to form the normalization integral 
inside of the sum 
 
 
 
 
 
 
 
 
 
 
	 Now we expand the left hand side in order to also form a series there. Our goal is to compare 
	 coefficients of the expansion in powers of t in the end., 
 
 
 
 
 
 

Wehaveto show that

int_11leftPlleftxrightright2dxfrac22l1
Westartfrom the recursion formula

lPlleftxrightxPlleftxrightPl1leftxright
andsubstitute

lint_11leftPlleftxrightright2dxint_11xPlleftxrightPlleftxrightdxint_11PlleftxrightPl1leftxrightdx thisisapolynomial
oforder l1
orthogonalwith Plleftxright

parts

0lint_11leftPlleftxrightright2fracx2leftPlleftxrightright2int_11frac12int_11leftPlleftxrightright2dx
I 1 at

boundaries
I

lI1frac12I
RightarrowIfrac22l1

frac1sqrt12tmut1sum_lrinftyPlleftmurighttl

int_11frac112tmut2dmusum_l0inftyt2lint_11leftPlleftmurightright2dmu
frac1tlnfrac1t1t
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Problem: compute the expansion of the function 
 
 
as a series in terms of the Legendre polynomials. 
 
Solution: the general procedure for computing the coefficients of the series expansion (inner product from the left –> orthogonality –> 
solving for the coefficients) can also be applied to the generating function. We try this calculation way for this exercise: 
 
Multiplying the generating function by                       and integrating, 
 
 
 
 
 
 
 
expanding the l.h.s. as a power series of t, 
 
 
 
 
comparing coefficients, 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Tables

frac1tlnfrac1t1t2frac23t2frac25t4ldotsfrac22l1t2lldots
frac12lnleftfrac1x1xrightxfracx33fracx55fracx77sum_n0inftyfracx2n12n1

sum_l0inftyt2lcdotfrac22l1sum_l0inftyt2lcdotfrac22l1sum_l0inftyt2lint_11leftPlleftmurightright2dmuRightarrowint_11leftPlleftmurightright2dmufrac22l1

fleftxrightsqrtfrac1x2

sqrtfrac1x2
int_11fracsqrt1xsqrt2frac1sqrt12xtt2dxsum_n0inftytnint_11sqrtfrac1x2Pnleftxrightdx

rationalize substitute toobtain

frac12tleft1tfracleft1tright22sqrttlnfrac1sqrtt1sqrttright

frac434sum_n1inftyfractnleft4n21rightleft2n3rightsum_n0inftytnint_11sqrtfrac1x2Pnleftxrightdx

int_11sqrtfrac1x2P0leftxrightfrac43int_11sqrtfrac1x2Pnleftxrightequivfrac4left4n21rightleft2n3right
Rightarrowsqrtfrac1x2frac23P0leftxright2sum_n1inftyfracPnleftxrightleft2n1rightleft2n3right
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Problem: compute the integral 
 
 
 
Solution: we use the generating function and a subsequent expansion in powers of t in order to get the integral 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Problem: Obtain a series expansion of the function 
 
 
in terms of the Legendre polynomials. 
 
Solution:  
 
 
 
 
 
 
 
 
 
 
 
 
 

int_01Plleftmurightdmuint_01frac1sqrt12mut2int_01sum_l0inftytlPlleftmurightdmu Tables

Binomialseries

left1xrightllsum_k0inftyleftbeginmatrixalphakendmatrixrightxk
145

int_01fracbmusqrt12mut2frac1tsqrt12muneqt201frac1tleftsqrt1t2left1trightright
expansion asapowerSerres

frac1tleft1tsum_k0inftyleftbeginmatrixnicefrac12kendmatrixrightt2kright
firstterm

leftbeginmatrixnicefrac120endmatrixrightt0fracGammaleftnicefrac121rightGammaleft01rightGammaleftnicefrac1201rightfracGammaleft32right1cdotGammaleft32right
Rightarrowfrac1tlefttsum_k1inftyleftbeginmatrixnicefrac12kendmatrixrightt2kright1sum_n1inftyleftbeginmatrix12nendmatrixrightt2n1Rightarrow1sum_n1inftyleftbeginmatrixnicefrac12nendmatrixrightt2n1sum_l0inftytlint_01lleftmurightdmuRightarrow1sum_n1inftyleftbeginmatrixnicefrac12nendmatrixrightt2n1frac12sum_l1inftytlint_01Plleftmurightdmu

comparing

int_01Plleftmurightdmubegincases1l0lleftnicefrac12rightlendcases even

2n
b
1
ut no

l
t

beginmatrix00endmatrix

dleftdright

fleftxrightHleftxrightbegincases1x00xleq0endcases

Ah

Thecoefficientsaregivenby

ClfracleftlanglefleftxrightPlleftxrightrightrangleNl2frac2l12int_11HleftxrightPlleftxrightdxfrac2l12int_01Plleftxrightdx
which isthepreviousexercise and can be re written in severalways
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Totesttheexpansion we plotthefirst100coefficients that is

Hlleftxrightcongsum_l0100clPlleftxright

artifact
veryslow convergence
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Problem: show that 
 
 
 
 
Solution: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Problem: Expand the function 
 
 
as a Legendre series in the interval [-1,1] 
Solution: We compute the coefficients in a naïve way 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

int_11xmPnleftxrightdx0 for mn

UsingtheRodrigues formula

int_11xmfrac12nnfracdndxnleftx21rightndx
boundary
conditionsof

Legendre

partsonce

fracxm2nnfracdn1dxn1leftx21rightn11int_11fracddxleftxmrightfrac12nnfracdn1dxn1leftx21rightndxvdots
parts ntimes

left1rightnint_11fracdndxnleftxmrightfrac12nnleftx21rightndx
if nm thistermwillbezero

i e H leftxcrightfleftxrightbegincases01leqxx1llxleq1endcases

Cnfrac2n12int_c1Pnleftxrightdx
Wesolvethisintegralbysubstituting recurrenceformula Note for n0 therecurrence

relation is notvalid
wewouldget P1leftxrightWedotheintegralseparately

for ngeq1Cnfrac2n12int_c1fracPn1leftxrightPn1leftxright2n1dx
frac12leftint_c1Pn11leftxrightdxint_c1Pn11leftxrightdxright
frac12leftPn1leftxrightPn1leftxrightrightcc1

butfromthebc weknowthat Pnleft1right150

frac12left1Pn1leftcright1Pn1leftcrightright
frac12leftPn1leftccrightPn1leftccrightright

C0frac12int_cc1Poleftxrightdxfrac12int_c11dxfrac12leftxrightcc1frac12left1cright

thereforefleftxrightc0P0leftxrightsum_n1inftycnPnleftxrightfrac12left1ccrightsum_n1inftyfrac12leftPn1leftccrightPn1leftccrightrightPnleftxright
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	 	 Associated Legendre functions 
 
Associated Legendre equation 
 
The associated Legendre equation is a generalization of the Legendre equation given by 
 
 
 
for the case	 		 	 we recover the Legendre ODE. 
 
We propose the Ansatz 
 
 
and after substitution, one can show that this yields 
 
 
If we then differentiate both sides of this equation, we get 
 
 
 
We notice that this last equation is the same as equation         with the substitutions 
 
 
Now we notice that we have 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Then we define: 
 
	 The Associated Legendre Functions  as 
 
 
	 and the Associated Legendre Polynomials as 
 
 
WARNING: the notation and normalization is different in every book! 
 
Problem: find the Rodrigue's formula for the assoc. Legendre functions. 
 
 
 
 
 
 
 
 
 
 
 

fracddxleftleft1x2rightyleftxrightrightleftlleftl1rightfracm21x2rightyleftxright0 m2leql2
m0

yleftxrightleft1x2rightm2Uleftxright
left1x2rightuleftxright2leftm1rightxuleftxrightleftlleftl1rightmleftm1rightrightcupleftxright0

left1x2rightleftuleftxrightright2leftm2righttimesleftuleftxrightrightleftlleftl1rightleftm1rightleftm2rightrightleftuleftxrightright0
mrightarrowm1UleftxrightrightarrowUleftxright4

yleftxrightuleftxrightPlleftxright is a solution for m0eqleftright with m0 is

theLegendreODE
VleftxrightPlleftxright 11 m1
Rightarrowyleftxrightleft1x2rightnicefrac12Pl1leftxright

si i a n m2UleftxrightPlleftxright
Rightarrowyleftxrightleft1x2rightPlleftxright

a

conventional

yleftxrightPlmleftxrightleft1rightmleft1x2rightm2fracdmdxmPlleftxright0leqmleqlUleftxrightPlmleftxrightleft1rightmfracdmdxmPlleftxright

Plmleft1rightmleft1x2rightm2fracdmdxmleftfrac12llfracdldxlleftx21rightlrightfracleft1rightmleft1xnrightm22elfracdlmdxlmleftx21rightllgeq0leftmrightleqlminmathbbZlambdainmathbbN0
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Problem. Obtain a recurrence relation of the associated Legendre polynomials for the index m. 
 
Solution: starting with the ODE 
 
 
we introduce the Ansatz	 	 	 	 and obtain 
 
 
We now set 
and multiply by 
 
 
 
 
 
 
 
 
 
 
 
Problem. Compute the normalization of the associated Legendre functions. 
 
	 	 Hints: a) A recursion relation satisfied by the assoc. Legendre funct. is 
 
 
	 	 	 b) It can be shown that 
 
 
	 	 	  
	 	 	 c) The following integral is known: 
 
 
 
 
Solution: We want to compute the integral 
 
 
 
We start from the recurrence relation to form this integral. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

left1x2righty2xyleftlleftl1rightfracm21x2righty0yleftx21rightnicefracm2v
left1x2rightv2leftm1rightxvleftlmrightleftlm1rightv0VdmPlleftxrightdxmleftx21rightm2
leftleft1x2rightfracdm2dxm2Plleftxright2leftm1righttimesfracdm1dxm1Plleftxrightleftlmrightleftlm1rightfracdmdxmleftxright0rightcdotleftx21rightm2

Plm2leftxright

RightarrowPlm2leftxrightfrac2leftm1rightxleftx21right12Plm1leftxrightleftlmrightleftlm1rightPlmleftxright0

left2l1rightmuPlmleftlm1rightPl1mleftlmrightPl1m PlmPlmleftmuright
Pmmleftmurightfracleft2mrightm2msinmtheta

int_0pisin2m1thetadthetafrac22m1leftmright2left2m1right
int_11leftPlmright2dmu where mucostheta PlmPlmleftmuright

int_11leftleft2l1rightmuPlmleftlm1rightPl1mleftlmrightPl1mrightcdotPl1mdmu
usingorthogonality int_11PlmPlmdmu0
Rightarrowleft2l1rightint_11muPlmPl1mdmuleftlmrightint_11leftPl1mright2dmuuserecurrenceformulaagaintosubstitute

Rightarrowleftlmrightfracleft2l1rightleft2l1rightint_11leftPlmleftmurightright2dmuleftlmrightint_11leftPl1mleftmurightright2dmu
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Repeating thisprocedure until emldots

fracldotsint_11leftPlmleftmurightright2dmufrac2m12l1fracleftlmrightleft2mrightleftlmrightint_11leftPmmleftmurightright2dmu
usingtheothertwohints weobtain

int_11leftPlmleftmurightright2dmufrac22l1fracleftlmrightleftlmright
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	 	 Legendre functions of the second kind 
 
Legendre Functions of the second kind 
 
The Legendre ODE is a second order ODE. This means that there must be a second kind of solution, lineraly independent of the Legendre 
polynomials. 
 
 
Review: Given a differential equation of the form 
 
 
 
the Wronskian is, by definition, 
 
and differentiating the Wronskian one can show 
 
 
 
Now, we separate variables and integrate 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
For the Legendre ODE, 
 
 
 
 
 
 
the second solutions             are called Legendre functions of the second kind.




















yFleftxrightyGleftxrighty0Wy1y2y1y2WFleftxrightW
fracdWWFleftxrightdx

RightarrowlnfracWleftxrightWleftarightint_axFleftx1rightdx1
Wleftxrighty1yy1y2y12fracddxleftfracy2y1right

Rightarrowfracddxleftfracy2y1rightWleftarightfracexpleftint_axFleftx1rightdx1righty12
y2leftxrighty1leftxrightint_bxfracexpleftint_axFleftx1rightdx1rightlefty1leftx2rightright2dx2

arbitrarilysetting Wleftaright1

But

yfrac2x1x2yfraclleftl1right1x2y0QlleftxrightQlleftxrightPlleftxrightintxfracexpleftintx2xleft1x2rightdxrightleftPlleftxrightright2

For l0

Q0leftxrightP0leftxrightintxfrac11x2frac1leftP0leftxrightright2dxintinftyfrac11x2dxfrac12intleftfrac11xfrac11xrightdx
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RightarrowQ0leftxrightfrac12lnleftfrac1x1xright
For l1

Q1leftxrightxintxfracdxleft1x2rightx2dxfracx2lnleftfrac1x1xright1
For therestofthe l wecanusethesamerecurrence

formulae asforthe Legendrepolynomials forexample

leftl1rightQl1leftxrightleft2l1rightxQlleftxrightlQl1leftxright0
Note therearealso associatedLegendrefunctions ofthesecondkind

fortheassociated LegendreODE
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Bessel's equation 
 
When we solve the ODE 
 
 
by the series solution method, we find an explicit expression for the Bessel functions of the 1st kind of order p: 
 
 
 
 
 
for integer p > 0. For integer p < 0, the                     function diverges if 
Then, the first terms of the series are going to be zero 
until the series starts as in the positive case. One can show that 
 
 
 
so that the solution with positive and negative integer p are not linearly independent. We need to find another solution 
 
Bessel functions of the second kind 
For integer p, the function 
 
 
 
provides a linearly independent solution to the Bessel ODE. (Neumann or Weber function) 
In summary, the full solution is 
 
 
Note that if p is not an integer, we can use the negative p as a linearly independent solution and 
in that case, the general solution is 
 
 
 
 
Bessel ODE as a Sturm-Liouville problem 
The differential operator of the Bessel ODE can be written as 
 
 
 
 
 
dividing by x, 
 
 
now we can identify 
 
 
 
 
 
 
 
 
 
 
 
 

Bessel functions

x2yxyleftx2p2righty0

yleftxrightequivJpleftxrightsum_n0inftyfracleft1rightnGammaleftn1rightGammaleftnp1rightleftfracx2right2npGammaleftnp1right nleqp1
left1inftyrightarrow0right

Jpleftxrightleft1rightpJpleftxright

Ypleftxrightlim_nurightarrowpfraccosleftpinurightJinftyleftxrightJnuleftxrightsinleftpinurightleftlambda50Npleftxrightright

yleftxrightAJpleftxrightBYpleftxrightpinmathbbZ

yleftxrightAJpleftxrightBJpleftxright Pnoninteger

x2yxyleftx2p2righty0Rightarrowxfracddxleftxfracddxrightyleftx2p2righty0

fracddxleftxfracddxrightyfracP2xy1cdotxcdoty0
Wleftxrightx

lambda1sleftxrightnicefracP2xPleftxrightx orderofthefunctionsturmLiouville
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Problem: obtain the normalization of the Bessel functions, using the change of variable  
where          are zeros of the Bessel function, i.e.,        
Solution: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

xarRightarrowfracddxfracdrdxfracddrfrac1afracddra Jpleftaright0
withtheproposed transformation wehave

fracddrleftrfracddrrightyfracP2rya2ry0
lambda

in thiscase the interval
is 0leqxleq1
rightarrow0leqrleq1
because Jpleftaright0

WleftrrightrPSCleftrrightr SleftrrightfracP2r
FromthePDF SturmLiouville SsOrthogonality withweightfunction
wesubstitute PSLleftrrightrarightarrow0bSLrightarrow1psimleftxrightrightarrowJpleftarrightpsinleftxrightrightarrowJpleftbrrightwleftrrightrSL

careful chainrule

rleftJpleftarrightfracddrJpleftbrrightfracddrJpleftarrightJpleftbrrightright01lefta2b2rightint_01drrJpleftarrightJpleftbrright
when we evaluate in r0 the r cancels everything sothesurvivingelementsare

chainrule chainrule

fracJpleftarightbJpleftbrightaJpleftarightJpleftbrighta2b2int_01drrJpleftarrightJpleftbrright
if we take the limit brightarrowa weget
Weapply L1Hospital's rule

beginmatrixint_01drrJpleftarrightJpleftbrrightlim_brightarrowafracfracpartialpartialbleftJpleftarightbJpleftbrightaJp1leftarightJpleftbrightrightfracpartialpartialblefta2b2rightlim_brightarrowafracJpleftaright7fracddbleftbJpleftbrightrightaJp1leftarightJpleftbright2bendmatrixboundary
condition

partialleftJp1leftarightright2left2arightfrac12leftJp1leftarightright2
Now we use the recursion formula

fracddxleftfracJpleftxrightxprightfracJp1leftxrightxp
xKrRightarrowfracddxfrac1Kfracddr

Rightarrowfrac1kfracddrleftfracJpleftkrrightleftkrrightprightfracJp1leftkrrightleftkrrightp
frac1KleftKfracJpleftKrrightleftKrrightpfracJpleftKrrightleftKrright2pcdotKrightfracJp1leftKrrightleftKrrightp
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Generalized Bessel ODE 
 
Bessel functions form a family of solutions of the general ODE 
 
 
 
 
with constant 
 
The solution of this equation is 
 
 
 
 
 
 
Problem: prove the recurrence relations 
 
 
 
where        is a solution of the Bessel equation.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

at r1 andapplyingbound cond

frac1KfracKJpleftKrightKpfracJp1leftKrightKp

RightarrowJPleftkapparightJP1leftkapparight
5o

int_01drrJpleftarrightJpleftbrrightfrac12leftJp1leftarightright2

yfrac12axyleftleftbcxc1right2fraca2p2c2x2righty0
abcp

yxaZpleftbxcright
mathbbZp is JN or a combination of them

fracddxleftxnZnrightxnZn1 fracddxleftxnZnrightxnZn1
Z

Thiscanbedone inmanyways This isone

Write theODE in afactored form

leftfracddxfracn1xrightleftfracddxfracnxrightZnZn
Let'sdefine

overlineZnleftfracddxfracnxrightZn
and if we apply theoperator leftfracddxfracnxright on the factored ODE
weformthe expression

leftfracddxfracnxrightleftfracddxfracn1xrightleftfracddxfracnxrightZnleftfracddxfracnxrightZn
overlineZnoverlineZn
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Rightarrowleftfracddxfrachxrightleftfracddxfracn1xrightoverlineZnoverlineZn
Rightarrowfracd2dx2overlineZnfrac1xfracddxoverlineZnleft1fracleftn1right2x2rightoverlineZn0

This is the Bessel ODE of order n1

RightarrowleftfracddxfracnxrightZnoverlineZnZn1
RightarrowleftfracdZndxfracnxZnZn1rightcdotxn
RightarrowfracddxleftxnZnrightxnZn1

Forthe second identity we try another
way using the explicit series of JpleftXright

fracddxleftxpJpleftxrightrightfracddxsum_n0inftyfracleft1rightnGammaleftn1rightGammaleftnp1rightfracx2n2p22np
sum_n0inftyfracleft1rightnleft2n2prightGammaleftn1rightGammaleftnp1rightfracx2n2p122np

but Gammaleftnp1rightleftnprightGammaleftnpright so we use this
tocancel the leftnpright in the numerator

sum_n0inftyfracleft1rightnGammaleftn1rightGammaleftnprightfracx2n2p122np1 the 2 in
thenumerator

dividingbothsidesby xp

frac1xpfracddxleftxpJpleftxrightrightsum_n0inftyfracleft1rightnGammaleftn1rightGammaleftnprightleftfracx2right2np1Jp1leftxright
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Problem: verify that the Bessel ODE 
 
 
 
can be factored as 
 
 
 
Solution: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

x2yxyleftx2n2righty0

leftfracddxfracn1xrightleftfracddxfracnxrightZnZn
Weapply thefirstoperator

leftfracddxfracn1xrightleftfracdZndxfracnZnxrightZn
Weapplythe second operator

fracd2Zndx2fracddxleftfracnZnxrightfracleftn1rightxfracdZndxfracleftn1rightnx2ZnZn
fracd2Zndx2fracnxfracdZndxfracnZnx2fracleftn1rightxfracdZndxfracleftn1rightnx2ZnZn
fracd2Zndx2frac1xfracdZndxleftnn1rightfracZnx2left1n1rightnZn
leftZnfrac1xZnfracZnx2n2Znrightx2
x2ZnnxZn1Znn2Znx20
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Copy of the example in the lecture notes  
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

IME

L

itheta Rest
hatc
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Problem. In a diffraction problem for a circular apperture, the integral 
 
 
 
 
appears, where                    are constants. Evaluate the integral using Bessel's functions. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Problem. Evaluate the integral 
 
 
 
 
 
Solution. Introduce the integral representation of the Bessel function 
 
 
 
 
exchanging the integration order 
 
 
 
 
integrating, 
 
 
 
 
 
 

Phiint_a1baint_02pieibrcosthetadthetardr
The integral representation of theBessel functions is

Jnleftxrightfrac1piint_0picosleftxsinthetanthetarightdtheta or Jnleftxrightfrac12piint_02pieileftxsinthetanthetarightdtheta
for n0

J0leftxrightfrac1piint_0picosleftxsinthetarightdthetafrac12piint_02picosleftxsinthetarightdtheta
cosx sinthetarepeatsitself
in allfourquadrants

frac12piint_02pieixsinthetadthetafrac12piint_02pieixcosthetadtheta
becauseofEuler'sformulaand int_02pisinleftxsinthetarightdtheta0

then

Phi2piint_0aJ0leftbrrightrdr
using the recurrence formula fracddxleftxnJnleftxrightrightxnJn1leftxright with n1

Phifrac2piabb2J1leftabright

int_0inftyeaxJ0leftbxrightdx a0b0

int_0inftyeaxdxfrac2piint_0pi2cosleftbxsinvarphirightdvarphi

frac2piint_0pi2dvarphiint_0inftyeaxcosleftbxsinvarphirightdx

frac2piint_0pi2dvarphifracaa2b2sin2varphifrac1sqrta2b2 ia
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Problem. John Bernoulli needed to solve the following non-linear differential equation: 
 
 
but he couldn't. His brother and rival James Bernoulli could solve it by transforming it into a linear second order ODE 
with the change of variable 
 
 
into 
 
 
Solve the equation for u(x) by further transforming it into a Bessel equation. 
Solution: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

yx2y2

yfrac1ufracdvdx
RightarrowUx2U0

Generalized BesselODE

ufrac12axuleftleftbcxc1right2fraca2p2c2x2rightu0
wewant 0Rightarrow12a0 0

Rightarrowleftfrac12right2p2c20Rightarrowp2c2frac14Rightarrowanicefrac12

x2
weneed c2

left2bxright2
weneed bnicefrac12

x2v
p2cdot4frac14
P2frac116RightarrowPpm4

RightarrowuleftxrightxaZpleftbxcrightsqrtxZ4leftfracx22rightuleftxrightc1sqrtxJ4leftnicefracx22rightc2sqrtxY4leftnicefracx22right Ah
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Problem. The solutions of the second order differential equation 
 
 
 
are called the Airy functions. Solve the differential equation by first transforming it into a generalized Bessel ODE. 
Solution: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

uxu0
Generalized Bessel ODE

ufrac12axuleftleftbcxc1right2fraca2p2c2x2rightu0
wewant 0
anicefrac12 wewant

Rightarrowp2c2nicefrac14
wewant x
Rightarrowcnicefrac32

Rightarrowleftbcdotfrac32cdotx12right2x
Rightarrowb2cdotleftfrac32right2cdotxx
Rightarrowb2cdotleftfrac32right21Rightarrowbfrac23i

p2cdotfrac94frac14Rightarrowppmnicefrac13

RightarrowuleftxrightxaZpleftbxcrightxnicefrac12Znicefrac13leftfrac23ix32right
in termsof the Modified Bessel functions Besselof
imaginary argument

uleftxrightc1Aileftxrightc2Bileftxright
Aileftxrightfracxnicefrac123leftInicefrac13leftfrac2x323rightInicefrac13leftfrac2x323rightrightfrac1pileftfrac23rightnicefrac12Knicefrac13leftfrac2x323right

Bileftxrightleftfracx3rightnicefrac12leftInicefrac13leftfrac2x323rightInicefrac13leftfrac2x323rightright
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Problem: show that 
 
 
starting from the series expansion of 
 
 
 
Solution: 
 
 
 
 
 
 
we know that 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
finally, 
 
 
 
 
 
 
 
 
 
 

j0leftxrightfracsinxxJ12leftxright
Gammaleftnicefrac12rightsqrtpiGammaleftn1rightnGammaleftn1rightnGammaleftnright

Jnicefrac12leftxrightsum_n0inftyfracleft1rightnGammaleftn1rightGammaleftn32rightleftfracx2right2n92sinxxfracx33fracx55fracx77ldotssum_n0inftyfracleft1rightnx2n1left2n1right

n3n2n1

n022n1222n2112 sum_n0inftyleft1rightnfracx2n1Gammaleft2n2rightm1
leftharpoonup Jnicefrac12leftxrightsum_n0inftyfrac1Gammaleftn1rightGammaleftn1nicefrac12rightleft1rightnfracx2n1nicefrac1222leftn1right1cdot2nicefrac12

Tables
Gammafunction
duplicationformula

22x1GammaleftxrightGammaleftx12rightsqrtpiGammaleft2xright

sum_n0inftyfrac1sqrtpiGammaleft2n2rightleft1rightnx2n1cdotfracx12212sinleftxright
doesn'tdepend
on n

sqrtfrac2pixnicefrac12sinx
sqrtfrac2pixsinx

Rightarrowj0leftxrightsqrtfracpi2xJnicefrac12leftxrightsqrtfracpi2xsqrtfrac2pixsinx
fracsinxx
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fracddxleftxpJpleftxrightrightxpJp1leftxright

jnleftxrightxnleftfrac1xfracddxrightnleftfracsinxxright
Fromtherecurrenceformula we know that

xnicefrac12J32leftxrightfracddxleftxnicefrac12Jnicefrac12leftxrightright
wealsoknowthat

j0leftxrightsqrtfracpi2xJnicefrac12leftxrightfracsinxx
Rightarrowxnicefrac12Jnicefrac32leftxrightfracddxleftsqrtfrac2piJ0leftxrightright

sqrtfrac2pifracddxleftfracsinxxright

definition

jnleftxrightsqrtfracpi2xJleft2n1right2leftxright

Fromthedefinition

j1leftxrightsqrtfracpi2x12J32leftxright
Rightarrowsqrtfrac2pij1leftxrightsqrtfrac2pifracddxleftfracsinxxright

byinduction usingthe recurrence formular we canalso do it

forthegeneralcase

Problem: use the recurrence formula 
 
 
 
to verify the Rayleigh's formula for spherical Bessel functions: 
 
 
 
For the case n = 0, n=1. 
Solution: 
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	 	 Hermite polynomials 
 
Problem. Show that the Ansatz                                    on the differential equation 
 
 
 
with      	  being constants, transforms it into the Hermite ODE. 
Solution: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Problem: Show the recurrence formula 
 
 
 
Solution: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

psileftzrightefracz22vleftzright
fracd2dz2psileftzrightleftfrac2Ehslashomegaz2rightpsileftzright0 1

EtW

psileftzrightez22Vleftzright

fracdpsidzzenicefracz22vleftzrightefracz22fracdvleftzrightdzez22leftzvfracdvdzright
fracd2psidz2zez22leftzvfracdvdzrightez22leftvzfracdvdzfracd2vdz2right

B
substituting left3right 2 in 1 weseethatthefactor enicefracz22

ez22leftz2v2zfracdvdzvfracd2vdz2right
cancelsout

z2v2zfracdvdzvfracd2vdz2frac2Ehslashomegavz2v0
Rightarrowv2zvleftfrac2Ehslashomega1rightv0

Hn1leftXright2nHn1leftXright

Westartfromthegeneratingfunction

Phileftxhrightsum_n0inftyHnleftxrightfrachnneh22hx
Andtry

fracpartialPhipartialx2heh22hx2hPhi2h
wesubstitutePhiand fracpartialPhipartialx bytheseries

Phileftxhrightsum_n0inftyHnleftxrightfrachnnfracpartialPhipartialxsum_n0inftyHnleftxrightfrachnn
sum_n0inftyHnleftxrightfrachnnsum_n0infty2hHnleftxrightfrachnn

2sum_n0inftyHnleftxrightfracnn1n
Let mn1 when n0m1

sum_n0inftyHnleftxrightfrachnn2sum_m1inftyHm1leftxrightfrachmleftm1rightmn recursivityoffactorial

sum_m0inftyHmleftxrightfrachmmleftm1right2sum_m1inftyHm1leftxrightfrachmleftm1right
Finally for mgeq1 fracHmleftxrightm2Hm1leftxrightRightarrowHn1leftxright2nHn1leftxright
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Problem: Write an integral representation of the Hermite polynomials. 
 
Solution: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Problem: find the normalization of the Hermite polynomials. 
Solution: 
 
We start this time from the generating function (we multiply two of them, one with the variable t and one with the variable s)  and build 
the following expression 
 
 
 
 
 
 
now we integrate over the interval             and from the ortogonality, we know the terms other than 
will be zero. 
 
 
 
 
 
 
 
Examing coefficients term by term of the power       we obtain 
 
 
 
 
 
 
 
 
 
 
 
 

Startfromthegenerating function

gleftxtrightet22txsum_n0inftyHnleftxrightfractnn
andmultiplyby tm1

tm1et22xsum_n0inftytm1nfracHnleftxrightnintegrate inthecomplexplanearoundtheorigin

ointtm1et22txdtointsum_n0inftytm9nfracHnleftxrightndt
Withpoles at t0 we findwiththe residuetheoremthatonlytheterm nm survives

ointtm1et22txdt2piifracHmleftxrightm
RightarrowHmleftxrightfracm2piiointtm1et22txdt

ex2es22sxet22txsum_m0inftysum_n0inftyex2HmleftxrightHnleftxrightfracsmtnmn
leftinftyinftyright

mnsum_n0inftyfracleftstrightnnnint_inftyinftyex2leftHnleftxrightright2dxint_inftyinftyex2s22sxt22tx2st2stint_inftyinftyeleftxstright2e2stdxsqrtpie2stsqrtpisum_n0inftyfrac2nleftstrightnn dx

knownintegral

st

int_inftyinftyex2leftHnleftxrightright2dx2nsqrtpin
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Problem: show that the differential operator of the Hermite ODE 
 
can be factorized. 
Use this factorization to verify that 	 	 	          , in agreement with one of the recursion relations.  
 
Solution: 
 
 
 
 
 
 
 
 
 
 
 
 
Applying the first factor means that 
 
 
 
 
 
That is, the differential operator on the left brings out the order of the polynomial on the right. 
We differentiate the Hermite equation on both sides 
 
 
 
 
 
 
 
 
 
From our earlier conclusion, we see that	 	 brings out an order 	 , so it means that 
 
 
in order to bring that order of the polynomial out. We would need another equation to determine the 
constant of proportionality. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

y2xy2ny0Hn1leftXrightproptoHn1leftXright
Wewrite

leftfracd2dx22xfracddxrighty2ny
Let hatDfracddx

RightarrowlefthatD22xhatDrighty2ny
Nowit's simpletofactorthis as

lefthatD2xrighthatDy2ny

leftD2xrightHn2nHnleftD2xrightDHn12leftn1rightHn1
DleftD2xrightH2nHn

RightarrowD2Dleft2xHnrightZnH
RightarrowD22Hn2xDHn2nHn
RightarrowleftD2xrightDHn2leftn1rightHn1

Hn
Hn1 α Hn1

n1
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Problem: expand the function 
 
 
in terms of a Laguerre series.  
Solution: we need to compute the coefficients

Leibnizdiffrulefleftxrightbegincases0x010x1HleftxrightHleftx1right0x1endcases

fracdndxnleftfgrightsum_k0nleftbeginmatrixnkendmatrixrightfracdnkfdxnkfracdkgdxkleftbeginmatrixnkendmatrixrightfracnleftn1rightleftn2rightldotsleftnk1rightkfracnkleftnkright
CnleftlanglefleftxrightLnleftxrightrightrangle

WeuseRodrigues'sformula

cnint_01exfrac1nexfracdndxnleftxnexrightdx
frac1nfracdn1dxn1leftxnexright01frac1nsum_k0n1leftbeginmatrixn1kendmatrixrightfracdn1kleftxnrightdxn1kfracdkleftexrightdxk01

profline fracdpdxpleftxnrightnleftn1right ilceils
leftharpoondown

vese
ns leftp1rightxnp

fracnleftnprightxnpn1 Kveces

frac1nsum_k0n1fracleftn1rightkleftn1krightnleftn1rightldotsleftnnkrightxk1left1rightke201sum_k0n1fracleftn1rightnleftn1rightleftn1krightkfracnleft1krightxk1left1rightkex01
leftk1rightksum_k0n1fracnnleftk1rightleftn1krightleftkright2left1rightkfrac1e
rightarrowfleftxrightsum_n0inftysum_k0n1fracnleft1rightknleftk1rightleftn1krightleftkright2frac1eLnleftxright


