Legendre polynomials

Problem: show the normalization of the Legendre polynomials.

Solution method I: using the recursion formula.

we have Yo show that
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Solution method II: using the generatmg function.

The generating function is -2 -|7/4 o l =P

We now square it and integrate over/u on both sides in order to form the normalization integral
inside of the sum
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Now we expand the left hand side in order to also form a series there. Our goal is to compare
coefficients of the expansion in powers of t in the end.,
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Problem: compute the expansion of the function

as a series in terms of the Legendre polynomials.

1K 3 5 47
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= 7 2nt1

Solution: the general procedure for computing the coefficients of the series expansion (inner product from the left —> orthogonality —>
solving for the coefficients) can also be applied to the generating function. We try this calculation way for this exercise:

Multlplylng the generating function by J 4 =2 and integrating,

= 1 -
\J_ Vi=2xt -H_:’- - j J—; P L dx

honsl'ze X,%obsthe +o ob{;am

- A - U= 1+dF
rlR Pl T

expanding the Lh.s. as a power series of t,
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t V= P dx
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comparing coefficients,
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Problem: compute the integral

SR

Solution: we use the generating function and a subsequent expansion in powers of t in order to get the integral

Tables -
2 Binomial Series:
——'_— = Z’fI'P e« ot %K
\j 4-2+—/++‘ Lo "u) (1+42) = Zo("‘)
]. L\. 5-; [} l 4
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Problem: Obtain a series expa,n;ion of the fugction
=N =5"H *7
4 0, x40

in terms of the Legendre polynomials.

Solution:
The coefficienfs dre gren by
Cp = {9, L(”)) M J LG9 ﬁg(ﬂ) dx = ZLJ '&OC)(\%
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To tot e epprsion, we plt e frrst 100 coeffeionts) Hat is

109

Hde 77 ¢ B0

£=0

import numpy as np
import matplotlib.p ot as plt
from sc ial import gamma

0.0s

def coeff(1)
norm = (2x1 + 1)/2
if 1 == @0: return 1 * norm
elif 1 % 2 == 0: return 0
else:
n=(lL+1)//2
return norm * gamma(1/2+1)/(gamma(n+1)xgamma(1/2-n+1))

coeff(i)*legendre(i) (x)

DProx)

[<matplotlib. lines.Line2D at @x11ab52600>]
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Problem: show that

j'x"”Pn(@Jﬂc=° for_ Mdn.
q

-

Solution:

USiﬂs the p\dlrfﬁdes' ﬁrmd\% )
1

m_q 4" (xx-1)"
jx Z"n!—dx"( ) dx
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rn 1

-1
?arts n tmes

1
= ol 4 (™) - -0 d
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.{ n7m , this tem wll be zero. B

Problem: Expand the functlon

J[\ )= 4 a < x & ‘
as a Legendre series in the interval [-1,1]
Solution: We compute the coefficients in a naive way

1
Ca= g‘z;!jﬁ Fa v dx

WNe sove This W\l—tsm\ by s;),s»ﬁmnga recuYYence «fbrmuh
Cn= 24 j'PL.U‘J = Ppd @ (we would &et P, ).
2 s 2941 We do the m+esre,\ Segarak)y
= %2‘ .L' Pru, G dx -J‘: P;q(x)dx\]

. (- ;—J REOdx =’3J 10c= 4 [x];
= g[ Pt — P, @]“ .

Note: n=0, the rewmence
relatton is no valid
for 214

bt from the b.c, we krow thet P, (1)=1, s, =4(1-%)
= = &) — Po_i (S
= 12-[4 Prm() 1+ )]
: J{[R\—q(-"') - Pn-HCG-)]
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Associated Legendre functions

Associated Legendre equation

The associated Legendre equation is a generalization of the Legendre equation given by
d ) yl 2 2
d—x((‘ NIC’O) ’r(/z(u«) ~2 )goe =0 , m4y

for the case MM =O we recover the Legendre ODE.

We propose the Ansatz
yoo) = (- x%)7% LK)
and after substitution, one can show that this yields
(=23 Vi) — 2ty V() +R(eH) —Mminuy=D )
If we then differentiate both sides of this equation, we get

|
U-2) V' ]" - 2(m+2) x)_‘u'(")J + (D —(meD(m+2)) ['x)] = 0
We notice that this last equation is the same as equation Qk) with the substitutions M —3 M+ { v — V'eA.

Now we notice that we have s
f@,kﬁ) with m=0

. = UR=FKHLD) 5 ¢ wlobton c m=0
ik ¥ the Legerire ODE .

- v =H'm T " =1
> Y= (1~%)4P}Q‘)
¢ UKW = ?a"(x’) (" . il “ P

D Y= (1-53) P, ®

Then we define:

The Associated Legendre Functions as /¢
and the Associated Legendre Polynomials as

WARNING: the notation and normalization is different in every book!

Problem: find the Rodrigue's formula for the assoc. Legendre functions.
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Problem. Obtain a recurrence relation of the associated Legendre polynomials for the index m.

Solution: starting with the ODE
W
U-x")9" - 2xgy' + [l0+0 2|y =0

we introduce the Ansatz Y= (x"")%v and obtain

(-5*)v" — 2 (m )" + (2-M)(p4m +0)V=0
We now set y = §"™P, (¥) /4
and multiply by (st —1)"V2

4)'%

Qy JM+2 m+ W 2
U=V P — 2 x gy 4 szm)(zw)d-l Pe(A 0| -

Pz ()

RN R @0 - (o emsdIRw) =

Problem. Compute the normalization of the associated Legendre functions.

Hints: a) A recursion relation satisfied by the assoc. Legendre funct. is

(23‘“)/' P;m = (g—m+1) Pore + @"'"‘)?;-4 ’ PE = Pz L/‘)

b) It can be shown that )
m (2m) a™
= A7) sin &
?m ( /M) i ™ |
¢) The following integral is known: -
2m
T . 2m 2 (m ! )?'
0 (zm +0) !

Solution: We want to compute the integral

J.ZEPE]”/“ ) where u=wr0 |, Py =P ()

We start from the recurrence relation to form this integral.
1
n - e m L4, e 4
ﬁ[&“ﬂ/’ Pﬂ (ﬂ4 mADPT 0 + e 4m)P z—;\ Ee—‘ :) ip
-4 ma.m
Using o«“\htﬁm\FH, f‘ Pe l;, du=0,
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Requatiny ths procedre bl g=m...
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Using fhe ofher two himte, we obtain

m 2 (4w
j_ :[Bz W)y = 5z %1::_)?




Legendre functions of the second kind
Legendre Functions of the second kind

The Legendre ODE is a second order ODE. This means that there must be a second kind of solution, lineraly independent of the Legendre
polynomials.

Review: Given a differential equation of the form
g“‘f F@Q‘V‘TQCX)) =0
the Wronskian is, by definition, \N = \‘9 . yg\ -y 4\ Yo

and differentiating the Wronskian one can show
|
W= — FOW
Now, we separate variables and integrate
dW _ _Fedr

'M W(a) 5;

WG = Y, 32 ’1,71/ '_‘)

dX ) 34

P Mty
2v,@ [Fer[) ] 4
= Jz@ 1 jb DNQD] 2

(arbifolily 5@/79‘6’ w(e)=4) X

For the Legendre ODE,

3=

3

3! — Q(QH) 3 =0

4-w‘

the second solutions Q}(ﬂ are called Legendre functions of the second kind.

Q0= B j J;x/(f—oc') d"]

szKﬂ‘

for 20 A dx_{ol dx=4—j[—'+'(_}dx
Go(f) P(")‘J —® mwy = * 2 14+ 9 —-XK
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formd\& ® {0’ fhe [%UMM, P']'Pm'@ba for examg (@
(M) Qe —@LHD xRy (1) +2Rp+) =0 .

Fore ae 3lso dssocrafed Lgadre /4,15190;'5 o fht Seowd Find
for the ssocaial legmm ODE.




Besxe\ fundjons

Bessel's equation

When we solve the ODE o
xtyr oy & (x*-P%)y =0

by the series solution method, we find an explicit expression for the Bessel functions of the 1st kind of order p:

)n
\) ( 1 % f),n-l-P
”(X) IS (.x z Y,C“H)r(‘r”_r_'_,") ( )

for integer p > 0. For integer p <0, the) (n-9 -1-1) function diverges if n & P-4
Then, the first terms of the series are going to be zero (1/00 — ©)
until the series starts as in the positive case. One can show that

df‘? &) = -0 PD; (x)

so that the solution with positive and negative integer p are not linearly independent. We need to find another solution

Bessel functions of the second kind
For integer p, the function

— T
Yo = Lﬂvci&pgewmfv(r?) e (els< ":N?(?D)

provides a linearly independent solution to the Bessel ODE. (Neumann or Weber function)
In summary, the full solution is

90 = AT, + BY, 1,

Note that if p is not an integer, we can use the negative p as a linearly independent solution and
in that case, the general solution is

9= AT, + B U:.PUX) , P non-néeger

Bessel ODE as a Sturm-Liouville problem
The differential operator of the Bessel ODE can be written as

iy 4y r 62 TP)yc0 D ?Cd&_x("i%cy* VR IPE

dividing by x,
—_— 2 _'_ 1 . x .
dvc 0 1_%) E ??3 ?

now we can identify



. L . . . d-drd _ L d
Problem: obtain the normalization of the Bessel functions, using the change of variable X= a3ar = Jx- ‘j‘; dr @ dr
where @ are zeros of the Bessel funection, i.e., '3;( 3 ) =0
Solution:

with ¥he proposed Mnsgumafzn , we have 0 this wese, the joterval
S 04 x4 A1
2 e = ™ -
ﬁ(r%;)s-f?g-r 8 ry=0 —0<r<A

becguse Tp (8 )=0.

From +he ppF “Sturm Liowville™ 8 Orthogonalidy... with Wt forthion,
we sobsttote  Prry=r, 20, bt P ST, (80, ald—T,(b r), WCr)=F

1
1 e .—
[ (aNAR( D-AT, (30 T(b9) | - (a"-b)jadrr B2 360
when we evaloate in =0, fe I ancels everything, S the Sorviving elements are

chain rvle dhain 0\

D% (9 SHIFG) _ [y (e DF ()
< a‘?. L b 3 - )

it we fake dhe Jimit b —3 , we get 0/0 -

We 8??)7 L'Hé‘ﬁl-al's rule:

J"a”a;,(ar)a;(m) L G(bT 0 a%(a)T6)

3 - b
_m 3e4bT®)] ~ ag'e) Tp (b)
b->a —91

__—a[:'r,;(a)]%w = A[T®]°

Now we vse ‘fhc recuYsion @rvn&h

xz Kr D 3‘7( = A{%
1d [ DY - THualED)
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st r=4, and 9pPYying bownd. cond -

7«{_/4_3’;’%52 = —Jen(r)

= 3—?'(‘) = -3—?‘\.4(‘)
)

' ‘Jadr r (2 &b = %{Twcaj)z

Generalized Bessel ODE

Bessel functions form a family of solutions of the general ODE

4 4 L’xﬁ—gf + [(bcxc")z -+ flx_z_):g]fyzo

with constant a9 lp, c | ?

The solution of this equation is g = a? Z‘, (b OC")

Ze 5 T, Nor g combination of Them.

Problem: prove the recurrence relations
- ~n ' ] - on
';,_x(x VIZ“) = =X nii / %{(K Zn) =X Z“-4

where Z, is a solution of the Bessel equation.

Tis @n be done in many ways. This & one:

Wede fhe ODT n 3 fackred form

G+ 5) G ~3)% =5
Led's define

— n

A @'} T ‘x‘) Zh
and f we ayp]v the operitor (%c‘ %) on the fickored ©DE
we form the expresSsIon

= ~f4 -
(h~9) (=) (D2 =~ (gD 2

N~
Zn ZV\



&[4 _w\([L + M I\NF - _Z
= @ x)(v* x)zﬂ =—Zn

o &> 444 = - ﬂ)"J" =0

> dxzz,,+xdxz,,+[1 LF Zn
This is the Bessel ODE of erder n+1

S 4 - =
> (& T>Zn =Zn = —Zns

Z -
f',j—x —“?Zn-——Z,H,.'

— -n
= %C(xhz'\) = =X Zn+"

for the secord identitd) we fry  ancther
Wiy, osng +he explic¥ Sertes of Tp (x)

J o P _d _ =0 Pt
ks HAR ) = x;g,;@r(m)r(wr ) Sgm

= 3 (-0"(2n+23) g2 *2y —
wie T@AOT(ntp+t) 2277

bot Mo+p+d) = (N+PIT(n4?), » we vSe +hts
to cancel he (n-‘-P) in the v merafor*

o9 c—)" 702" +2p -1
n=0 ?Cn-l"')r(n”) ZZ""'P

&V}JM‘J bo&l s(&es b’ t)g"

nw] = 2 =0 (5)T T 3.

Lods
xP Ix nso T+ QT (n+p)



Problem: verify that the Bessel ODE
1 ( 2 _ W\ o
g1y +xy (¥ )Yy =0
can be factored as

d 4 nt4 n ==Z
<dx + — )(37( -~ K)Z" n
Solution:
We aw\v the Bt overdter

i O\ (4% _ %} = Zn
('d"x < n7\>[ 4% x© Z
e aW\y the  Sewnd o?exalcor
Liaza] 4040 AZ.. w7 =z,
x x

Tx‘ X
( Z AN = -
d-d%z ___-dzzr‘- + 7('- + "'H L LJ._KZ’Z" Z\
8 Z0 4 4420 (_perir] 4 Zn[f—nA)n = -Zn
dx" 95 dx 2

A} \ a
[Z,\ +1?7_,‘ = Zx.. n‘.—.-z,_,J%

x‘z,\“ - XZ,: —Z,nt +Zat = v



Copy of the example in the lecture notes

Example: Schlifli integral for non-polynomials and its relation to generating
functions. The Bessel functions of the first kind are not polynomials, but they have a
generating function g(z,t) = e@/2=1/8) = 3™ ] (z)t" (see table). If we apply the
residue theorem to an integral containing the generating function, we get
(z/2)(t—1/t
% A ——dt = f Z I (z)t™ 1 = 2miJ, (z) with C encircling ¢t = 0. With
c " c

the change of variable t = e — e(@/2(=1/1) — gizsind and C being the unit circle,
2
we find 27iJ, () = e'@sin=n9); 49 in general for z € C or
0
1 ™
Jn(z) = — / cos(z sin @ — nf)dl for z € R. In this case, the generating function
T Jo

was used to get (a) Schlifli representation, but we can also derive generating

functions (for example, for polynomials) using the/a Schlifli representation.

Tniss
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Problem. In a diffraction problem for a circular apperture, the integral
v
e, bras® o vrdr

5]
o Jo
appears, where a b are constants. Evaluate the integral using Bessel's functions.
The tesva) rqresenh*\ioh of the Beswl fonctrs S

& ;(xsnb -ﬂe)d
3:) (7‘): %’j‘?ms (Kﬁne '—"9) d@ or 3{\ Q() = ;—n'—Sd e 9
0

«for n=0, . or i
Lj'mb (x5in®) d& = %j ms(;cS?nO)dQ =
m A 29 J,

Jo A =
sl qmm"c
= 'an' jzwe;xsmed o= Jz? :rre ix eSO o
/L becagse of 'S fomoh and J:vsm («x5me) d¢ =0
" pem g0 rdr
é&(x"&@)’%“&-( () with n=4,

Lsingr the veevivence acoﬂ'“’"

@: 2.%@ 2)'1(3\9).

Problem. Evaluate the integral
 _ax LYo
[Te ™ 5,(bx)dx ,  are, b7O.

o

Solution. Introduce the integral representation of the Bessel function

J” e'”c dr

exchanging the integration order

) foo —8% s (bxst?3 dx

- 2
integrating, °
) 8y VaT+b%

o



Problem. John Bernoulli needed to solve the following non-linear differential equation:
2
ﬂ / = X —+ \J z
but he couldn't. His brother and rival James Bernoulli could solve it by transforming it into a linear second order ODE
with the change of variable

= -4 dv_
into

2 ' +o20 =0

Solve the equation for u(x) by further transforming it into a Bessel equation.
Solution:

(seneralicdd  PBessel ODE
o' 4 =20 I & [(locﬂcc")z.[, gz_?zcwjuzo
x

\,—Y\l xz
we Waet: ,_:1028 5 \—Z\;
= 4{-2a= .
> a=%2 '%%V— PPet = 0
5 plet =4

:xz
we need c=2

> @ x)®
we veed b=Yz

> vid= 27 (bx°) = Jw Z,(%)
000 = GIE Ty (2) + ¢ yZ Y, (%) B



Problem. The solutions of the second order differential equation

)
are called the Airy functions. Solve the differential equation by first transforming it into a generalized Bessel ODE.
Solution:

Generalicd  Bessel ODE
x

2
L’Y\) x
we wantE =0 \ ,
- 2,2 - 4
D PC = /4
We wipg ==X ?2.7=4
D=2 X

S5 (b_g_.%%'>2 ;_x _9P=’+4/5
3 bz-(%z.fx'z-?c
) y.@)‘—.-1 = L=_§_:
c % L3 7
Sotd= 27 (bx7) = % Zy(37%7)

i toms o e Molfied Bessel fnchoms (Besse) of
‘magtnory axzsummv)
vE):= ¢ Aid + G Bi(x)

b= BT @) -1,(2E5)] = +6)" ky(25)
Bilk)= 6‘)% [I_%(Qé:ﬁj + Iy (2'?)]



Problem: show that Jo Uf) = 5\'}%

starting from the series expansion of J}@. ("5) .

T (%) =17
Solution: R”“'D =n!
PN, (-"—'“*”- e T A
j% D “ %O T (n+4) T+ 32)
we know that
G e 7
S?Vl X = 3! 5‘ .
A= SR X
" ?,:f 7 (2n +2)
mrty  @ntd-1-1Y2 i
Z = 2ntA)

@ 1 =%

= = S ———=—enu (=0 5
g T)'4/2()6) T 5‘ () T(n 1+ 1) 2@ /i

n<=o -2
P
_1& Z%?n,n 21\
- [2 X :
= Sn X
- G inx

finally,

Tables
(70 T+ 15) = B T2 | e
?D Zi/fmf/ 'of; /6"7”/3

"C tiom



Problem: use the recurrence formula

%{- [xPT,00] - — 55T Tpgy )

to verify the Rayleigh's formula for spherical Bessel functions:
. n/-1 L\ rsin% ’)
,/,,0‘); x (xdx) ( 4
For the case n =0, n=1.

Solution:
~ Venm the recvence formu\a , we kvow thet

-2
ﬂ;%-zr'bjzbc) 3T TLF[ % -J‘/zm)J

we 3]so Know ﬁmt cton-.
\ T. =2 Sin % ® I Lx)
INEk B T8 = 5% J"‘)\/; Jemese

> 5, -d“—x[J%Jo"‘)J

| (sfhx
T FrF ax W x
From tre Jefmiff: )
J,Oﬁ) - \Ex— .J;/z(ﬁ)
. d [Sin%X

2 % 01 &) = ‘%;,7( )
by induckion vsing the  recurcence A""dh’/ we Can Jjeo do i
/4: the Mml cise-



Hermite polynomials

'Zz
Problem. Show that the Ansatz }D(z) e v(_z) on the differential equation
Lre + (25 22)f@ =0 @
with E 11',«) being constants, transforms it into the Hermite ODE.
Solution 2
Y@ =€ = V@) (2)
.z T8O (L, -4
2

%‘L -ze %‘(-z.v +SL) + ez/‘?-(—v —zdt  dv s z')
272( v —ZZ.L -V ..‘.L) ©))

Shotdotnd (3), (2) | . o~
L0 00, e b fekr €

22V — 224V ~v+ 1Zv 26 - z%y =
iz o +_%c_’)v z¥V =0

SVv'-2zv' 4+ (2E ) -
— VvV <
how 1 0 I/
Problem: Show the recurrence formula

e =2nH, ,&)

Solution:

We stirt from the generating fnction
g -k t+hx
Brh)=STheo k- e

And Q
.I'y ?_%_-_ zhe.h 4™ 2h® =2k
o

we sdbshevie P and QQ by fhe seriéss
B - ?H,.cxw_ ?@ 2 H, PY

n=g
Z H, (><)h =2 H.,@_h_,
22 Ha (x)h___

let M= nt 4 =S When M=o,

m=A
éH )Q'Z‘._ 2."‘2': Hm-—1bqh__
‘lm- mcu's"fW"Ff“dw“

2“‘({) ZZH' -1

m=b mﬁn.1 ' m=4 t" .)'
Fraly, for M1 Y0 = g Hugld D HAD = 20 Huy (O V7
m




Problem: Write an integral representation of the Hermite polynomials.

Solution:

Shrt fom fhe ganerdfng:  foncton
5= e T = Z H L

and maHiphy by 4 -1
R AL S R 8 )

-
inteqrate in $he complex phas nt
Wsongm; ek fhrganend
et g < § ST R0 g
n=e nt

With toles 3t £=0, we [imd With the .
Hhad o’:'y He feum In,_m g:.\rv:v%: residue heoen

}.ﬁ'”‘"e"t'm’c dt = emw: Hmmgv'()

| mn-q -t*+2¢
D> Hp=_ &+ ¥
2w

dat

Problem: find the normalization of the Hermite polynomials.
Solution:

We start this time from the generating function (we multiply two of them, one with the variable t and one with the variable s) and build
the following expression

X 3428 —& 42%x o, 2 -le @H’ (X) SM n
= e MNm nx)S ¢
€ e < mz—_: %o m n!

now we integrate over the interval }9{ and from the ortogonality, we know the terms other than m=wn
will be zero.

% o0 o L
2 ) ‘LE-XTH"QQ]?’({X: /’e-x“-s $%0 —t° F2K T

n=2 NN —00
_[® -5 g ost 9 2" (sH)"
’Le e 1% = J‘Fe = \ﬁf go ni

Examing coefficients term by term of the power ¢ we obtain

Jmé’,’xq[“n(@}zdx = 9"fn!

~Go



Problem: show that the differential operator of the Hermite ODE

(] '
can be factorized. J -2Zxy +2Zn J =
Use this factorization to verify that H'nex) oC H,, " (7‘) , in agreement with one of the recursion relations.

Solution:

We \wrte
& "9-",'517)3 = -2nY

<N

dx®
let D=4 A
5 (Br-2xD)y = ~2ny

Now i{'s simple to factor this as
0-29Dy = -2ny.

Applying the first factor means that

CI) ——296) )-l'h = -2n H,
CD’ZX)DH,,,4T- —2(""‘3 Hh-n

That is, the differential operator on the left brings out the order of the polynomial on the right.
We differentiate the Hermite equation on both sides

D(p- Z’X')H‘“ = —2n an
> D*— D(exH')) = —2n i{',
5 D= 2 N, — DN, = -2,
2 D-29)DPH, = —2(n-DN),

From our earlier conclusion, we see that H ',‘ brings out an order M-, so it means that

H oo K,

in order to bring that order of the polynomial out. We would need another equation to determine the
constant of proportionality.



Problem: expand the function <
- X <£O
f= -34, 0sx4t = H(x)=H (x=1)

in terms of a Laguerre series.
Solution: we need to compute the coefficients
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