
 
 
Problem: compute the Fourier transform of the following functions using the definition: 
1) The Dirac delta 
 
 
 
 
 
 
 
 
 
2) The step function with a decreasing exponential 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
3) The Heaviside or step function 
 
 
 
 
 
 
the limit 	 	       doesn't exist (oscillations at infinity). But we can use the result from the previous example, 
thinking of the Heaviside function as a "limiting function" of the decreasing exponential step function when 
Then, 
 
 
 
But if we compute the inverse transform by the definition, 
 
 
 
we see that we must include the case 
 
 
 
so we need a function      that only exists at         , such that the last integral is finite. This is the Dirac delta. Then we have  
 
 
where p.v. means Cauchy's principal value. 
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4) The rectangular function 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Problem:  show the property of similarity of the Fourier transform. 
 
 
 
 
 
 
 
 
 
 
 
 
Problem: show the property of displacement in time of the Fourier transform. 
 
 
 
 
 
 
 
 
 
 
 
Problem: show the property of the derivative in frequencies of the Fourier transform. 
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Problem: Compute the Fourier transform of the function 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Problem: solve the differential equation  
 
 
which describes a harmonic oscillator using Fourier transforms. 
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Problem: solve the differential equation 
 
 
 
which represents a forced harmonic oscillator or a LC circuit, using Fourier transforms. 
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Additional properties of the Dirac delta 
 
 1. Relationship between the Dirac delta and the Kronecker delta. We can see the 
similarity of the definition when we consider what it does to a sum and an integral: 
 
	 	 	 	 	 all the indexes vanish except for 
 
 
 
	 	 	 	 	                all      vanish except for 
 
 
     So, we say the Dirac Delta is the continuous analog of the Kronecker delta. 
 
 2. Different limits of integration. In the notebook on the right, we see three 
representations of the Dirac delta                     when                 or 
 
For all those functions, we see (numerically) that 
 
 
 
 
For a finite interval		 	 , we can divide the integral as 
 
 
 
and the first and third terms vanish for the asymptotic behavior (see plots on the 
right) 
which justifies that in the general case 
the integral gives out 
 
 
 
 
Moreover, in the following case, we can write 
 
 
 
 
which is the inverse one of the definitions of the Delta itself. 
 
3. Dirac delta in several dimensions. We define an analogous distribution that goes to infinity at          and zero everywhere else, 
with the integral in all space being one. In Cartesian coordinates, the integral definition can be written as 
 
 
 
But in other coordinate systems, one must be careful because of the Jacobian. 
 
Problem: find the Dirac delta coordinate representation for	                 in 3D spherical coordinates.  
 
 
 
 
This Dirac delta represents a point in sphace located at  
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in order to fullfil the definition, let's postulate that the coordinate representation of the Delta is accompanied by factor functions 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Problem: find the Dirac delta representation of an infinitesimally thin spherical shell located at   
In this case, the Dirac delta does not represent a point, but a spherical shell. This means that the delta must not 
depend on     and        (a spherical shell exists only at a given      , but it covers all points in    and     ).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Problem: show that 
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Problem: Compute the inverse Laplace transform of the function 
 
using the Bromwich integral-. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Problem: solve the partial differential equation 
 
 
by Fourier transforms. 
Note1: this corresponds to the electrostatic potential of a point charge located at             because the enclosed charge is 
 
 
 
Note2: This is the basis of the "Green function" method, that we discuss in this course. 
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Review problem: compute the Laplace transform of the function 
 
 
 
 
 
 
 
 
 
 
Review problem: get the Laplace transform of 	 starting from the knowledge of the Laplace transform 
 
 
 
	 We know that cosine is the derivative of sine. Then, 
 
 
 
 
 
Review problem: Solve the differential equation 
 
 
by Laplace transforms. 
 
 
 
 
 
 
 
 
Problem: The following equation 
 
 
 
is called a Volterra integral equation of kernel   . The unknown function is          (therefore it's an integral equation). 
We can solve this kind of equation with the Laplace transform. Consider the particular Volterra integral equation 
 
 
 
where the kernel is		 	 , 	 and	  	 	 .  Solve this equation by Laplace transforms.
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